






























































UNDERSTANDING THE FLOPFLOP AUTOEQUIVALENCE
USING SPHERICAL FUNCTORS

CONVENTION

All functions areimplicitlyderived Thelocuscontractedbyf has
codimension 2

f contracts to a point on

Def what is a flop
extremal curve Cst k Cso

Given f X Y a small external contraction s t

Wa is f trivial a flop of f is a birational morphism
f Xt Y s.t.ci X t is not isom to X

Cii Wx is ft trivial
iii Xt has mild terminal

singularities

CONJECTURE In the inhieltonabove we have DbCX Db Xt
BONDALORLOV c DblCohlD

EXAMPLE ATIYAH FLOP
Fibre product

ypTot
GC 1 1 p'xp tyg

X Tot lots Ii I Totlots ftp s X

l L
Y Spec Tab d

had be
DblX Db Xt vie pull push pig or gapBONDAL

ORLOV




































































































The conjecture doesn'tprovide us with a functor
Natural candidatepull pushviathe fibre product

X E X t I X y XtP 9
s

X X t

f ft
c

y
I p q 104 1 DbX I NI q.pt Dba D4x

Remark Atthemoment I'mignoringproblemsthatmightarise becauseof the
singularities e.gDoespullbackpreserveboundedness

When dothesefunctionswork
Standard Aliyah flops Mukai flops CY 3 folds
Abuaf flop

X Stratified Mukai flops
Let's say they do workThen we have a NONTRIVIAL

autoequivalence

Iiiiiiiiiiii

AUTOEQUIVALENCES OF DbX i

Inside AutDblX wealways find
I shift f Ei Ei 1 Ei E 4

degi degi s

f where f e Aut X
where Le Pic X














































































































They generate a subgroup 74 x AutX x Pic X e Aut X

Thm BondalOrlov Equality holds if X smoothprojective
Wx is Contiample

CLAIMWhen FF is not the identity we have
FF et E x Aut X Pic X

MIRRORSYMMETRY MOTIVATION
Mirror

CY variety sum I symplecticvariety

Homological minor symmetry Db X FightE
Thisreads the symplecticgeometry
e.g symplectomorphisms Dehntwists

What is FF Here is where spherical functors come

in the game

REFERENCE Anno Logrinenko

Idea What's a spherical functor spherical DG functors

A spherical functor F E D is a functor that
Delisfies certain properties and out of which we can

construct an autoequivalence It e Aut D called
the SPHERICAL Twist AROUND F







































EXAMPLES

SPHERICALTWISTS AROUND SPHERICAL OBJECTS SEIDEL THOMAS

X smoothprojectivevariety EE DHX is said to be spherical if
Cis E E Wx ii themjq CE Efi

i O dim

o otherwise

TE F come Rtfmx E F E Es F

Te El x E 1 d of dim X

TE F F Ff Et GEDEX RHom E.G o

d I
TEA x Aut X Pic XI

E go

ANY AUTOEQUIVALENCE OF A NICE TRIANGULATED CATEGORY

E Segal proved in 2016 that any autoequivalence of e nice

triangulated category canberealized as a spherical twist around

a spherical functor

L c Pic X seek F E DMX s t Te L

Y TotLT DEY DEX is spherical and
Tia L 2

To deletetheshiftone should consider the sheafofgraded
algebras 0 0 21 17



































































































What'sthe use For us the importance of presenting
en euloequivalence as the spherical twist around a

spherical functor is embodied by the information that
F E D can give us about TF e g

Does It split as the composition
of simpler euloequivalences

SEMIORTHOGONAL Decomposition SOD

ANALOGY SEMIDIRECT PRODUCTS OF GROUPS

Given twogroups GH and a morphism ofgroups G AutH we
candefine a newgroup HxpG called theirsemidirect productThisconstruction
exhibitsthegroup HxpG asbuiltfromHandGbutwherethechoiceofwhichgoesfirstisimportant

The idea behind SODs is similar we want to chop up
Dbk into smallerpieces which are semi orthogonal
Semiorthogonality is defined in terms of

Hom C 7 not Homo C i En

and we say that DbXl sAs Ars is a SOD

if i cis there are morphisms from Ai to Aj iff is
CiiiDHX is generated in a suitable sense

by Aa Hr














EXAMPLES

PROTECTIVE SPACES BEILINSON

We have a SOD Dbcp sGC n OC n ti Gfs O

EXCEPTIONAL COLLECTION

When we have a sequence of objects
Ee Em sit DbX s Es En and

Hompby Ei Ei Q we call Es En e

full exceptional collection Notice that in this case
there exist Fs Fn s t Homjs Fi E Qfij
The Fi's are called the leftduelexceptionalcollection

BLOW UPS i coding't s copies

YEXsmoothvar then DbBlyX sDEY Y DIY DbX

o c A Bl Tot Gfs p HI
DbTot Oft p cOpC Il PIKA
Horrifying 2 OpC L OpC L Q sOpC11 Dbpt D t

They goTogether

technicalThm F E D a sphericalfunctor C sHB t condition
HALPERLEISTNER Then TF Try TF1BSHIPMAN

Thg.mg E A e Fa B E sphericalfunctorsThenthere exists

E D E sphericalfunctor s t.ci D sB A ciiiTE TE TF






































































































Back to our setup n

X
P 9

s
X X t

f ft
c

y
ASSUMPTION p 0 Ox 9 0 I Ox t

AlMi present FF g p p g't as the inverse twist
around a spherical functor
Because of the singularities that might appear we
must work with
DgcC unbounded complexes with quasicoherent

cohomology

FF p of

These functors don't see
K Ker p n Ker g c DgcXa

1
We consider the quotient Dgc 11k

By assumption a the category Dgc E He has a SOD

Dgc I He a C p Dga X I

where E EE Dgc E th i p E o

9
him The functor e Dgc Xt is spherical and the inverse
B of the twist around it is FF eAutDgcXx























REMARKS
1 Generally we are interested in DHX rather than DgaX Coming

backfrom theabovestatement to one about FF e Aut Xt is not

straightforward but canbedone In particularthecasewhen it is smooth

canbedealtwithquiteexplicitly

2 The ideaof studying the quotientcategory Dgc E he was

first pursuedby Bodzenta and Bonded in the case where

f have fibres of dimension at most one Theyprove
Thm DbAfi DbcXt is sphericaland Ti te FF
BODZENTA
BONDAL Aft SEE CohlXt ft E o

The relation to the theorem above is that
E D Ap E n DII Hb DblAf I

9
endomorphismalgebraofprojectivegenerator Pof Aft

3 When dimX 3 a resultby DonovanWemyss says that
FF Toft where E DTAam DMX I AareEd'IEIEIion

BodzentaBondel prove that in this case Ap Aon
C e D Aam

4 The theoremworks for any correspondence
X t 2 9 Xt inducing derived equivalences and

satisfying parGz Ox 9aOz Ox t

























EXAMPLES

STANDARD FLOPS

X Tot OG ftp.nntt I Blpm X I Tot Gts 1 pmpm

Thm ADDINGTONDONOVAN MEACHAN

0pm is a spherical objectand FF aToi rs o oTfpnc n

Given this theorem and the one before we expect to find
a SOD e aDCE DCE and that C Is Dgc K

n copies
is described by Ei I OpaC i Ei is the generator

of the i 1h copy of DCCC counting right to left

Fhm In Dgc I 1Kwe have morphismsfrom Op p co i to Op pnCo j
B
iff i j here i jen and for i j we haveonlythe identity
Furthermore the object 0 Op co it is a generatorof C
Thus C can bethoughtof as a DG enhancement of the
category of modules over the graded algebra withrelations

n __m s m2 f






MUKAI FLOPS

X Tot Ipn I P P Upeep
134pmX

Ipn 0pnc 1 ox V O

Thm ADDINGTON DONOVAN MEACHAN

0pm is a 1pmobjectand FF P nee o oPI c m
IF T 3
i E E Wx if 77
ai Homjq EE e Et a P twist around a IP object

it1 2 introducedbyHuybrechts and
E J Thomas y

E Segel gave a construction of the P lutist around a P object
as the spherical twist around eitherof the spherical functors
Dbl 717 DbCX2yy 6 2 etDKX

deg9 2 Koszulduality deg E 1

Similarly towhat happened for standardflops we expecteithermcopies ncopies

e sDC 7 DQEg7 or C aDCCC671ee DCI671ee
n copies

thing Wehave a SOD e s DEELEYEl DCE4715 wherethe generator
B

is given by the projectionto E of thepullup to Xt and then
to X of ft Nlr pmfs E j Moreoverthere is a

metopies
subcategory E e e sit Z Perf Q471 PerfCd41
and whose generator is givenby go.tn0pmpm6 ji

F Ti Te TZ canbethoughtof as e canbethoughtof as a
DG enhancement ofcategory DG enhancement ofcategory
of modules over of modules over

n Is n se n Is m s II O O o

µ 93 93 Feng
j LL Ye EETes EEEYay







































































OTHEREXAMPLES

Thetheorem hasonly a few hypotheses hence it can be applied in

many cases eg Grassmannian flops Abuafflop to name some
Eachofthese two examples present interestingfeatures
Grassmarmionflops ere a generalizationof standard flops but the
fact that the Git problem in this casehasmore than one stratum changes
everything

The Abuaf flop is an example in which the flopflop
autoequivalence is the composition of inversesof spherical twists
around spherical objects which are not independent in the
k theory group

Thank you

























































































