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Overview

The main character: log-Calabi—Yau surfaces with nef maximal
boundary (X, D) (nef Looijenga pairs).

@ X smooth complex projective surface

@ | —Kx|>2D=Dy+---+ D, I >1s.n.c. divisor, D; irreducible,
smooth and nef
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Overview

The two main messages:

@ many (different, but equivalent) enumerative theories of curves
built from (X, D)

@ they are all closed-form solvable

Joint with P. Bousseau (ETH/Orsay) and M. van Garrel (Birmingham);
+ongoing work with Y. Schiler (Sheffield).
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Counting curves

@ Fundamental subset of Q’s in geometry: enumerative problems.
@ Examples:

» How many lines on a smooth cubic surface?
» How many rational degree-d plane curves through 3d — 1 points?

» How many degree-d curves on a quintic threefold?

@ relevance: both intrinsic and for other domains of maths
(MathsPhys/Topology/Number Theory/...)
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Counting curves

@ Typical setup:
» X: algebraic variety|c  (e.g. X = P2)
» M(X)curvesin X (e.g. plane conics)
> fM(X)(...) numbers  (“quantum invariants")
» (...)="incidence cond’n"  (e.g. conics thru 5 pts — 1)

@ No sense (M(X) non-compact)

@ Different compactifications M (X) ~ different invariants
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Gromov—Witten theory
@ Today (mostly):

M(X) = Mgn(X,d)
= {(C.p1,---pn) - X|'(C,0¢) = g,6.[C] = d}/ ~

@ Compactification: smooth C ~» nodal + stability
@ Proper, expdim = (dimX —3)(1 —g) — Kx-d+n
o [ﬂgm(x, d)]vir € Aexpdim(ﬂgm(X, d))

NxgdlB1,...,Ba] = “# degree-d, gen-g curves in X through B;”

n
- / RICAE
[Mgn(X,d)]¥" i
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Example: counting rational plane curves

Q. Ny = rational degree-d plane curves through 3d — 1 points?

@ Ny~ (3d —1)ix¢

3d—1
d|3d—1| Ny:=npgqq4lpt,...,pt
1 2 1

2 5 1

3 8 12

4 11 620

5 14 87304

6 17 26312976

[Di Francesco-ltzykson, Tian—-Wei, Zinger]

@ I (non-linear) recursion, g.f. solution of Painlevé VI
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Nef pairs

(X, D) smooth nef pair:
@ X smooth complex projective, dimX = m
@ | — Kx|>D=Dy+---+ D;s.n.c. divisor with D; irreducible,

smooth and nef Vi

Examples:
Q@ X =P, D= {0} +{oo}
Q@ X=P2, D=

@ smooth cubic (/ = 1)
@ conic+line (I = 2)

Q 2?21(axes),' (I=13)
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Nef pairs

Jargon: a smooth nef pair is

@ toricif X'is, and X'\ D ~ (C*)™

@ Looijenga (log-CY surface with maximal boundary) if m=2, D is
singular (= /> 1)

@ a nef Looijenga pair is tame if either / > 2, or D? > 0 Vi

Finite catalogue of deformation families of nef Looijenga pairs; most
are tame.
From now: stick to Looijenga pairs (X, D).
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Local (g = 0) Gromov—Witten theory of (X, D)

@ Exp:=Tot(®l_; Ox(—D;)) (CY(2 + I)-fold)

o N%‘)’(C’DM = “4 degree-d, g = 0 curves in Ex p through / — 1-points
in X”
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Local (g = 0) Gromov—Witten theory of (X, D)

° N%())?D 4 = ‘# degree-d, g = 0 curves in Ex p through / — 1-points
in X”

> 0bs§"? — Mo (X, d), Obsly D) = H'(C,&l_6"Ox(-D))

> [Mo,n(Ex.p, d)]" = [Mon(X, d)] N cigp(Obs*-?))
» expdim=/+n—1

Moo= [ Tlevln

[Mo,i—1(Ex,p, )]V ;4
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Log (g = 0) Gromov—Witten theory of (X, D)

N;‘)’?D 4 = ‘# degree-d, g = 0 curves in X through / — 1 points with
maximal tangency at {D;},”

(UoS & CNRS) Quantum geometry of log CY surfaces Nottingham AG seminar, 2021



Log (g = 0) Gromov—Witten theory of (X, D)

° Négég,o),d = “# degree-d, g = 0 curves in X through / — 1 points
with maximal tangency at {D;};”

@ view X as log-scheme with D-log structure
o moduli of log-stable maps Mg%((X, D), d)
» proper, expdim=/—1+n

——log

> M5 ((X, D); )" € Anpan(Mo'o((X. D); d), Q)

[Chen, Abramovich—Chen, Gross—Siebert]

N5 :=/ I Iev [ptx]
X,D),d o X
(X.0) M (XDyd)r x|
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Example II: (P2, L + C)

Figure: A degree 6 rational curve in
IP? passing through 1 point and
maximally tangent to line + conic.

(UoS & CNRS)

o | NG® | NGE/Nge | N

1] 2 —2 i

2] 6 8 1
320 | -18 12
470 | 32 620
5252 | —50 87304
6924 | 72 | 26312976

N ~ 49 (in fact = (29))

Quantum geometry of log CY surfaces

N/ Nlge =

(—1)%20?
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Example Ill: (P2, Ly + Lo + L3)

d | NG® | Ng*/Nge | N
1] 1 1 1
4 2 4 —8 1
4 3] 9 27 12
4| 16 —64 620
5| 25 125 87304
6| 36 —216 | 26312976
) . . .

Figure: A degree 4 rational curve in
IP? passing through 2 points and
maximally tangent to three lines.

(UoS & CNRS)

Quantum geometry of log CY surfaces

N ~ d? (in fact = d?)

Ng’g/Ng’c _ (_1 )d+1 a3
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The log-local correspondence

Conjecture (The log-local correspondence, vGGR ’17)
For a smooth nef pair (X, D),

I
N%())(go)d H( 1)dD+1(d D) %())?D

i=1

Evidence:
/=1

[van Garrel-Graber—Ruddat]

@ toric pairs

[Bousseau—-B-van Garrel]
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The log-local correspondence for log-CY surfaces

Theorem (Bousseau—B—van Garrel ’20)

The descendent log & local GW g = 0 GW theory of nef Looijenga
pairs is closed-form solvable.

In particular, the log-local correspondence holds.
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The log-local correspondence for log-CY surfaces

@ The local side:
» main idea: GW theory of Ex p reconstructed from that of X

[Coates—Givental]

» degeneration+toric mirror symmetry+big QH reconstruction

[Givental, Coates—Corti-Iritani-Tseng]

» tameness <« trivial mirror map

@ The log side:
» comparison theorem for | = 2

[Abramovich—-Chen—Gross—Siebert]

» explicit solution for tame via (finite) scattering diagrams
[Gross—Hacking—Keel, Gross—Pandharipande—Siebert, Mandel, Keel-Yu]
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Higher genus logarithmic invariants

I—1
NE())?,D),d = / - HeV}k[Pt]

[Mo,1—1(X,D,d)] 14
>

/-1
e = / evi[pt](—1)A
(X,D),9,d [ﬂg’f’},1 (X,D,d)] ,1} I ?

= [log® qIN(¥ ) 4(q) € Q(q"/?)

Scattering calculation of N¥ ,

[ 54

(g-deformed) scattering calculation of Nl(‘}‘f’D)’d(q)

[Bousseau]
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The g > 0 log-(local)-open correspondence

Higher genus local invariants?! (expdim< 0 for g > 1)

Proposal: GW invariants of local CY n-folds

(n— 3)-holed open GW invariants of sLags in local CY3-folds
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Symplectic heuristics

Winding d - D; around L near D,

Max tangency d - D; with D;  <— multiply by (—1)90+1d D,

(UoS & CNRS) Quantum geometry of log CY surfaces Nottingham AG seminar, 2021



Physics heuristics: QFT engineering

@ GW potential of local CY3 — Nekrasov instanton partition function
onR* x §'

[Katz—Klemm—Vafa, Lawrence—Nekrasov, Goettsche—Nakajima—Yoshioka]

© GW potential of local CY4 — superpotential terms in LEET on
RZ2x S'...
[Greene—Morrison—Plesser, Gukov—Vafa—Witten, Mayr]

© . «+ disk GW potential of local CY3

[Ooguri-Vafa, Mayr, Aganagic—-Beem]
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The g > 0 log-(local)-open correspondence

The drill: starting from Looijenga (X, D),
@ replace max tgcy on D; with twist by Ox(—D));
@ replace max tgey on D;, i < | by open condition on sLags
Lic Y := Ox\up,(—D).

The expectation:
@ 3 sensible definition of open GW invariants of (Y, L)

Qg=0: NfgerI);d = N&D),d

Qg>0: N?ff"z)’d(q) o N](‘;?’D)’d(q), refining log-local.
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The g > 0 log-(local)-open correspondence

More precisely:

Conjecture (g = 0 log-local-open correspondence)

(_1 )d~D,--|—1

oc cn _ lo
N%xo d= NO\p/L)d_ (H d- D ) N(Xg,D),d'

i<l

Conjecture (All-genus log-open correspondence)

one ( 1)dD+1 ( 1)dD/+1[1]
NPL)d(q (H ) [d-Dlq :

where [n]q = q"/% — q~"/2.

Nilo
N()? D),d(Q)
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The g > 0 log-(local)-open correspondence

(X,D = Dy U---U D) tame Looijenga pair

(Y,L=LyuU...UL;,_1) semi-projective Aganagic—Vafa pair
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Aganagic—Vafa (toric) A-branes

Harvey—Lawson fibration:
p:C® — RS
(21,20,23) — (|z1]2 = |22, |21 7 — |23/, Im(21 2023))
@ generic fibre ~ T? x R
@ special fibres (z; = z; =0, i # j) ~ R2 x S' (Aganagic—Vafa).
For Y semi-projective toric CY3:
Critical value set +— planar lattice graph +— height-1 slice of the fan

N
D
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Open Gromov—-Witten theory

@ Several approaches to defining open invariants of Aganagic—Vafa
A-branes in class (5,7) € Ho(Y;Z) @ Hi(L; Z) ~ Ho(Y,L; Z)
[Katz—Liu, Li-Song, Li-Liu-Liu-Zhou]

@ Upshot: Mgy (Y, L 3,7), expdim =0V g.

Nopen

(Y.L)i0.8,7 1

‘/[Mg,|ﬁ ( YzL;B»ﬁ)]Vir

= [|°g2972+|y| ql N(()I\):Ii);gﬁ,g(q)
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The g > 0 log-(local)-open correspondence

(X,D= Dy U---U D) tame Looijenga pair
~>

(Y,L=LyuU...UL;_1) semi-projective Aganagic—Vafa pair

oY = TOt(OX\U;;: D,-(_D’))
@ L;incident to torus 1-orbit intersecting D;
@ d e Ho(X) < (B(d),7(d)) € Ho(Y, L) canonically
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Example: (X, D) = (P?,L + C)
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Example: (X, D) = (P?,L + C)
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Example: (X, D) = (P?,L + C)

Quantum geometry of log CY surfaces
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Example: (X, D) = (P?,L + C)

ntum geometry of log CY surfaces
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The g > 0 log-(local)-open correspondence

Theorem (BBvG '20)

The higher genus log-GW theory of tame pairs (X, D) and open GW
theory of the associated (Y, L) are closed-form solvable. In particular,
the higher genus log-open correspondence holds for tame (X, D).
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Example: (X =P2 D = L + C), the open CY3 side

e

One-legged topological vertex:
N o(@) = dzm q“P/2(~1) Alsq(q)

R G ik S PN TP - o —as2_ (—1)9 [2d
=~ ddl, Z(‘”"(){ s L(‘qd"’ d/z‘d[zdlq[dL

s=0
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Implications for log GW theory

To a tame Looijenga pair, we can assign:

© © 6 6 ©6 0 ©

large N dual Chern—Simons theory interpretation
[Gopakumar—Vafa, Ooguri-Vafa]

all-genus calculation scheme (localisation, topological vertex)

[Graber—Zaslow, Diaconescu—Florea—Grassi, Aganagic—Klemm-Marifio—Vafa, Li-Liu-Liu-Zhou]

random matrix/crystal/free fermion models

[Marifio, Okounkov—Reshetikhin—Vafa, Saulina—Vafa]

classical integrable hierarchy (2-Toda reduction)
[AB; AB—Carlet-Rossi—-Romano]

higher genus mirror reconstruction theorem (remodelled B-model)

[Bouchard—Klemm-Marifio—Pasquetti; Eynard—Orantin; Fang—Liu—-Zong]

integral structure via open BPS counts
[Ooguri-Vafa, Labastida—Marifio—Vafa]

symmetric quiver DT reformulation

[Kucharski—Reineke—Stosié—Sutkowski, Panfil-Sutkowski]

gauge theory interpretation
[Kozgaz—-Pasquetti-Wyllard; Dimofte—Gukov—Hollands]
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Implications for log GW theory

Example: X =P?, Dy = H, D, = 2H.

coloured extremal HOMFLY of the unknot
SW/GKM resolvent

Nl(‘;’;’ D) 4(q): discrete KdV/Volterra r-function
wg1[S]INTR, § = {1 4+eY 4-¢¥ =0}
DT(2-loop quiver)
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Implications for log GW theory

To a tame Looijenga pair, we can assign:
@ large N dual Chern—Simons theory interpretation
@ all-genus calculation scheme (localisation, topological vertex)
© random matrix/crystal/free fermion models
© classical integrable hierarchy (2-Toda reduction)
@ higher genus mirror reconstruction theorem (remodelled B-model);
© integral structure via open BPS counts
@ symmetric quiver DT reformulation

© gauge theory interpretation (4d surface operator/vortex partition
function)

Today: 2) + 6) +7)
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Application I: log/local GW <« quiver DT

Gopakumar—Vafa invariants of CY(/ + 2)-folds:

Qq(X,D) = Zkg =) N by.a/k
Kld

1)d DI/KHT e

u(k
= E N
Hf 1 d- D’ k|d Lok

[Mayr, Klemm-Pandharipande, lonel-Parker]

Conjecture (Klemm—Pandharipande)

Qy(X,D) € Z

(lonel—Parker: symplectic proof for compact CYn-folds)
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Application I: log/local GW <« quiver DT

I — 1-holed open Gopakumar—Vafa invariants of CY(3)-folds:

p(k)

open open

Y L ZKS (- 1)N(YL)d/k
k|d

[Ooguri-Vafa, Labastida—Marifio—Vafa]

Theorem (BBvG 20, after Panfil-Sutkowski '17)

Let(Y,L) be the AV pair corresponding to a tame Looijenga pair
(X, D). 3 symmetric quiver Q such that

Q4(X, D)| = Q5 (Y, L)| = DT4(Q)

Corollary (BBvG 20, after Efimov '11)
Qq(X,D) e Z
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Example: (X, D) = (P?,L + C)

cd acEnd(CY)38
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Application II: log/local GW & DT/PT

@ Cao—Leung, Borisov—Joyce, Oh—Thomas: invariants DTff) from
moduli of stable sheaves on CY4-folds

@ Cao—Maulik—Toda: conjecturally DT = Qq

e for O(—D;) ® O(—Dy) — X: checks by Cao—Kool-Monavari,
based on BBvG
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Application Ill: higher genus log GW & higher genus
LMQOV

~ 1
Qx,p),d(q) = %M(k)(—1 &OifkH {k}ZH[d[k]q NI&D k(@)

= [112<H[d DI, >Z”(k N 0wty (@)

Theorem (The higher genus open BPS property, BBvG)

Qx.0)a(q) € Z[q.q7 "]

Strategy: direct arithmetic proof from the log/open calculation.
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Orbifolds

Whole story generalises to orbifolds = infinite list.

Example: (X =P(1,1,n),Dy =L,D> = —Kx — L)
~ Q = (n+ 1)-loop quiver
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Conclusion

For nef/tame Looijenga pairs:

1. log GW are local GW are open GW are quiver DT are KP/IP/LMOV
invariants

&

2. invariants are closed-form computed.
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Food for thought

Some open questions (in very random order):

@ dimX > 27
@ D; non nef? Non-tame cases?
@ deduce higher genus log-(local)-open principle

» geometrically?
» algebraically?

@ origin/meaning of quiver?
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