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Hyperpolygon spaces : beyond the movable cone
"

OR

"

All 81 projective coepant resolutions of

ICYG as hyperpolygon spaces.
"

Alastair Craw (Univ . Bath)

jt . with G. Bellamy, 5. Rayan , T. Schedler , H . Weiss.



§1 Crepant resolutions of symplectic quotients . .

Tf complex vector space of dimension 2n

G- c Sp (T ) finite group .

VG = Spec @Ev]G) .

Tx
.

resolution

£ >

TEI

VIG has symplectic singularities
'

[Beauville]
- smooth locus admits symplectic form w

s -t . f-*(w) extends to regular 2-form on

f symplectic resolution iff f-Tw) madeg. on✗
⑦

f- cvepaut resolution if K×=f*(Kyq) = 0 .

e.g.
Minimal resolution f : ✗→ ①Ya for Gc SL/2,0)

✗ -

"
i-i / •



Symplectic resolutions of symplectic
quotient singularities are very rare . . .

1. Fix n> 1 and finite rash/2,0)
.

Wreath product th :=P
"
✗ Sn Csp(2nA)

[Kuznetsov
, Nakajima] give symplectic res

Hilts
'" (X )

£
> Syrian)=QY☐

where X
'

→ €7M is minimal resolve
.

2. Sn ~ = A ⑦ G* = ①?

There are symplectic resolutions :

Hilb
"
( Q2) t > Syria?)=Q%n > ¢2

I T I
_isn£→ % so



i. Sn ~ ✓ = fi ④ fit ± ①
2cm-1)

Hi !¥¥"
-☐ ( Q2) > Usn syrup. res.

3. Binary tetrahedral group
⇐ = Qs ✗ 743 a Sp / 4,1C)

where Qs = { It,±i,±j , -1k } quateruiouicgp .

Symplectic resolution ✗
f

> ①41g
• exists [Bellamy]
• constructed [Lehn - forger]

it . The key example for today :

G- = Qgxz,zDs a Splitt)

of order 32
.

Symplectic resolutions f :X > ¢Yq

• shown to exist [Bellamy - Schedler]

• counted [Bellamy]

• all 81 projective evepaut resolutions

constructed by VGIT using Cox rings.

[Donte-Bury- Wisniewski) .



Theorem I [BCRSW] c-f. [Mekareeya]

or G=Qs✗zzDs a- Split, a)
,
7 isom .

①Ya
~

> ✗slot

to the affine Nakajima quiver variety for
1

Mothe)1
I IVI. is '

1=121114 .
. . 1)ii.

•
o

,
w- 2101 . - co) .

Theorem :L [BCRSW]
• All 81 projective crepaut resolutions of

①4G

are
'

hyperpolygon spaces
'

f- quiver varieties)

Rollie)=Xs( 0 ) > ✗so)=%-
,

where wall- crossings are Mukai flops .

.

• Movable cone described explicitly .



$2 Hyperpolygon spaces In> 3)

Quiver Q with ntl vertices
,
1=12,1

, .
. -

, 1) :

•

n=4
.

{
{ w

o- lo
- o

un I
✓ }
h o

Hotel
-

n

Rep IQ ,
:) ÷ + Homie? e) ⑦ thank , -07

1-=\ i=i

GL
,
:= GL/2) ✗¢

→ moment map ii. Replay ) > gÉ

GE)
"

= E. 70

Xnlo ) :=Ñ
""%⇒

,

for ⑦ c- IQ?
"



Examples

• n=4
, McKay quiver of type DX & v=8

•

°

.
✗410 ) I ①40.* [ krouheimeif

.

• n=5
,
✗g- (o ) = %,

is Theorem 1
.

• n=6
,
we show ✗

• ( o ) admits 1684

projective crepaut resolutions .

For
"

generic GIT stability parameters in

F :={0=10-1, . . . ,oi)E .IQ" / 0-izov-ki.sn}
,

XNCQ ) .is
"

hyperpolygon space !

[Konno
,
Harada-Proudfoot] Hyperbiahlev

analogues of polygon spaces, where imed .

component of core in Xn(0 ) is
-02

Mn(g) ⇒ { n
- sided polygons in 1123 ) • ,

with edge- lengths (0-1, . . . , G)f -

15013)



Hyperplane arrangement -1 :

Hi := { ④ c- Q" I Qi=o } It it in
,

HI := { QEQ" / IQ. = -2,81
IEI j¢±

I { '}£IE{b. . ,n}

Proposition T.F.AE
.
for ⑦ c- Q

"
:

Ci ) 0 does not lie in a hyperplane in A;

Iii) every 8-semistable point of a-
'

(o) is G-stable;

Ciii) the VGIT morphism

Xnlo ) > Xnlo )

is a projective , symplectic resolution .

Rmks

• dim ✗not = 2n-6

• the positive ortkant

F :={• c- Q" / Oi > o for Kien}
is the union of closures of GIT chambers.

• VGIT Xn(a) ← - -→ ✗no ' ) far 0,0kt

studied by [Godinho- Mandira:]
"""



Fix GIT chamber

C+ := { ① c- Q
" / 0-1>0-2-1- - - + On 1

Qi > 0 Zfifn f

f
X := ✗nfa+ ) > Y:=Xn /o )

for ②+ C- C+
.

Quiver construction means ✗ carries

tautological Ioc
. free sheaf

①
✗

cGL±
.

To ④ I Ti diagonal .
1- =L

of rank ( 2 , 1,1, . . 1) where det (To )~=D✗
.

The linearization map for
✗ is

N'1×7.

L : Q
"

7 N' (✗ily) Epidxia
c

I-HYX.at

① I > I -1,98
F- I



§3 Theorem 2 revisited (c. f. [Bellamy -9)

The linearization map identifies the fans :

☒
n L=Lc

> N' 1×14)
~

I
~

T
F > Mov /XIY)
g gs-t.it
c

-

> Amp /Xna) /Y)
rtoec

. ✓ ?

Cor Every projcrepaur res of Xnlo)
is a hyperpolygon spaces ✗ not ) for

some generic QÉF .

Cor ( Beyond movable cone for n> 5) .
Nami Kawa Weyl group 7<2+0" genial by
reflections in Coard . hyperplanes { Hi }

,

and

✗ no ) = ✗n(0-7 <⇒ far ⑦EC , c-C- C ;
2 WE 2¥" s.tw(c)⇒c '

\¥ → ⑤EF with G-= IQÉI



Cor Count prog . coepaut resolutions of Xnlo)

via # { chambers of hyperplane arrangement}

zn
(for NZ 5)

81 n = 5 ;my Xnlo) admits { Iggy n = 6
.

Ideas in the proof of Theorem 2

Adapt proof from [Bellamy -C] for
resolutions of ①"11Th

.
A key point is

the e'tale - local description of wall crossing :

• interior walls of F lie in some HI
,

and e'tale- locally 1-
* 1PM c- -→ T*p(v*)

[ BC,§3] . p I 1
No

with unstable locus codim 32 .
: lineaviation

maps of adjacent chambers in F agree .

• boundary walls of F lie in Hi →dirisoñal .



$4 Theorem 1 revisited

or G=Qs✗zzDs a Sp (4, a)
,
7 isour

①Ya I ✗ slot
to the Nakajima quiver variety for :

1

A

1
I IV
I
2 <
I

'

ii.
•
o

,

Idea of the proof

✗ g- ( o) = Spec @Geico)]€↳)
ja

-

VIG = Spec ( ¢ [v] G)
.

v=¢
"

We construct a map

Clfiiyo ) ]G↳ ⇒ ①[v39



The idea is to first construct explicitly
a map

①[pilot]£↳ >> ¢[v][€9T

g p
① [µ

-Yo )]G↳_ >> ¢[v]G

• Cox (VG ) :-. IT ① [v]§
✗c-G

"

± ¢[v][GG]

contains QEVJGE H°(YG
, %) .

• ①Guillot]s↳ is not (quite) the

Cox ring of ✗5k€ ) for generic ④,
but it's ¢75 E GLI/ Slz - graded .

with invariant part ① Geico]G↳_ .



§5 Where next ?

Hyperpolygon spaces are a nice testing
ground for questions about Nakajima

quiver varieties .
. .

.

1. Study binational geometry & Cox rings
of all Nakajima quiver varieties [Bcs] .

2. Asymptotic geometry of the hyperkoihler

metric on Xn(0-1 inherited from HKLR

quotient (ALE n=4, QALE n=5, . . . ) [RW] .

3. Thin 1 begs the question (which I bet

you've already asked . . . ) : is there a

quiver moduli space description of

4-+ for binary tetrahedral gp Got

(studied by Bellamy + Lehn - Songer)?


