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Prequel: the classics

𝐴, 𝐵 ⊂ ℤ௡ ⟼ systems of equations 𝑓 = 𝑔 = 0 supported at 𝐴, 𝐵

Kouchnirenko-Bernstein formula:
𝑓ଵ = ⋯ = 𝑓௡ = 0 is a generic system 
supported at 𝐴ଵ, … , 𝐴௡ ⊂ ℤ௡ ⇒
the number of its solutions in (ℂ\0)୬

equals the mixed volume of 𝐴ଵ, … , 𝐴௡

Minkowski sum
𝐴 + 𝐵 ≔ {𝑎 + 𝑏 | 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}

Mixed volume
𝐴ଵ ⋅ … ⋅ 𝐴௡ ≔ ∑ (−1)௡ି௤ 𝑉𝑜𝑙(𝐴௜భ௜భழ⋯ழ௜೜

+ ⋯ + 𝐴௜೜
)

⟼ 𝑥ଵ
௔భ 𝑥ଶ

௔మ =: 𝑥௔

⟼ 𝛼 ⋅ 𝑥ଵ +𝛽 ⋅ 𝑥ଶ + 𝛾 ⋅ 𝑥ଵ
ିଵ𝑥ଶ

ିଵ = 0
a polynomial supported at A

Bernstein-Kouchnirenko-Khovanskii with a symmetry



BKK toolkit: 𝑓 = 𝑔 = 0 is a generic system supported at 𝐴, 𝐵 ⊂ ℤଷ ⇒

𝑓 = 𝑔 = 0 defines a smooth curve in (ℂ\0)ଷ1)

𝑒(𝑓 = 𝑔 = 0) = −(𝐴 + 𝐵) ⋅ 𝐴 ⋅ 𝐵2)

The genus, the tropical fan, ⋯3)

The curve is irreducible unless:
𝑓(𝑥ଵ) = 𝑔(𝑥ଵ, 𝑥ଶ, 𝑥ଷ) = 0a.
𝑓(𝑥ଵ, 𝑥ଶ) = 𝑔(𝑥ଵ, 𝑥ଶ) = 0b.

4)

Chapter 1: the symmetry

The involution 𝐼: ℤଷ → ℤଷ, 𝐼(𝑢, 𝑣, 𝑤) ≔ (𝑣, 𝑢, 𝑤)

The diagonal plane 𝐷 ⊂ ℤଷ and the fixed line 𝐿 ⊂ ℤଷ

Same in the algebraic torus: 𝐼: (ℂ\0)ଷ → (ℂ\0)ଷ ⊃ 𝐷

The symmetric curve 𝐶: 
𝑓(𝑥) = 𝑓(𝐼𝑥) = 0 for generic 𝑓 supported at 𝐴 ⊂ ℤଷ

BKK Toolkit for it?-
Higher dimensions & symmetries?-
What for?-

𝐶 is never irreducible: it has a diagonal compopent 
𝐶 ∩ 𝐷 = {𝑓(𝑥ଵ, 𝑥ଶ, 𝑥ଷ) = 𝑓(𝑥ଶ, 𝑥ଵ, 𝑥ଷ) = 0, 𝑥ଵ = 𝑥ଶ}

This is planar: lies in 𝐷 ≃ (ℂ\0)ଶ, so covered by the classical BKK.



Other diagonal components: {𝑓 = 0, 𝑥ଵ = √1
೏

⋅ 𝑥ଶ}
where  𝑑 = |ℤଷ/(𝐷 + 𝐴 + 𝐼𝐴)|

The rest of 𝐶 is its proper part 𝐶௉

Theorem: 1. 𝐶௉ is smooth.

2. It intersects transversally every diagonal component at

𝐴/𝐿 ⋅ ൫𝐴/𝐿 − ∑ (𝐴/𝐿 − (𝐴\𝐻)/𝐿)ு||஽ ൯points.

3. 𝑒(𝐶௉) = # − (𝐴 + 𝐼𝐴) ⋅ ൫𝐴 ⋅ 𝐼𝐴 − ∑ ൫𝐴 ⋅ 𝐼𝐴 − (𝐴\𝐻) ⋅ 𝐼(𝐴\𝐻)൯ு||஽ ൯

4. The genus, the tropical fan, …

5. 𝐶௉ is irreducible except for the following 𝐴:

Example: 𝑓(𝑥ଵ, 𝑥ଶ, 𝑥ଷ) = 𝑔(𝑥ଵ ⋅ 𝑥ଶ, 𝑥ଷ) + 𝑥ଵ ⋅ ℎ(𝑥ଵ ⋅ 𝑥ଶ, 𝑥ଷ)

𝑓(𝑥ଵ, 𝑥ଶ, 𝑥ଷ) = 𝑓(𝑥ଶ, 𝑥ଵ, 𝑥ଷ) = 0 ⇔ (𝑥ଵ − 𝑥ଶ) ⋅ 𝑔 = (𝑥ଵ − 𝑥ଶ) ⋅ ℎ = 0

Proof: difficult
Conjecture: easy

Have you seen expressions like this?-
Simple to write, difficult to count-
No blinders - no sums-

The proper part has more than one component

The proper part is locally planar



Chapter 2: generalities and applications

A finite group 𝐺 acts on  ℤ௡, (ℂ\0)௡, {±1} and  {1, … , 𝑘}. 

Finite sets 𝐴ଵ, … , 𝐴௞ ∈ ℤ௡ satisfy 𝐴௚௜ = 𝑔𝐴௜ for 𝑔 ∈ 𝐺.

Polynomials 𝑓௜ supported at 𝐴௜ & generic modulo 𝑓௚௜ = (−1)௚𝑓௜ ∘ 𝑔.

Study the complete intersection 𝑓ଵ = ⋯ = 𝑓௞ = 0 in (ℂ\0)௡.

Interesting special cases

Self-intersections of an algebraic knot link
{𝑓ଵ = 𝑓ଶ = 0} ⊂ (ℂ\0)ଷ → (ℂ\0)ଶ, how many self-intersectoins?
𝑓ଵ(𝑥, 𝑦, 𝑧) = 𝑓ଵ(𝑥, 𝑦, 𝑧′) = 𝑓ଶ(𝑥, 𝑦, 𝑧) = 𝑓ଶ(𝑥, 𝑦, 𝑧′) = 0

Affine multiple point formulas 
𝑓 = (𝑓ଵ, 𝑓ଶ, 𝑓ଷ): (ℂ\0)ଶ → ℂଷ, how many 3-points 𝑓(𝑥) = 𝑓(𝑦) = 𝑓(𝑧)?

Irreducibility of Schur polynomials

Transitivity of monodromy: {f = 0} ⊂ (ℂ\0)ଶ is irreducible ⇔
monodromy of {𝑓 = 0} → (ℂ\0)ଵ, (𝑥, 𝑦) ↦ 𝑥, is transitive

monodromy of {𝑓 = 0} → (ℂ\0)ଵ, (𝑥, 𝑦) ↦ 𝑥, is 2-transitive ⇔

- Dvornicich, Zannier'09
- Applications in representation theory
(unique factorization of representations of  GL)

- Voorhaar'19
- c.f. classical multiple point formulas

A group 𝐺 ⊂ 𝑆௞ is 2-transitive if ∀(𝑖, 𝑗) is sent to ∀(𝑖′, 𝑗′) with 𝑔 ∈ 𝐺.



the fiber square {𝑓(𝑥, 𝑦) = 𝑓(𝑥ᇱ, 𝑦) = 0} ⊂ (ℂ\0)ଷ is irreducible

Chapter 3: Sparse Galois theory

𝑐ଵ𝑥 + 𝑐଴ = 0 ⟹ 𝑥 = −𝑐଴/𝑐ଵ

𝑐ଶ𝑥ଶ + 𝑐ଵ𝑥 + 𝑐଴ = 0 ⟹ 𝑥 =
−𝑐ଵ ± ඥ𝑐ଵ

ଶ − 4𝑐଴𝑐ଶ

𝑐ଶ

𝑐ଷ𝑥ଷ + ⋯ = 0 ⟹

𝑐ସ𝑥ସ + ⋯ = 0 ⟹ ⋯

𝑐ହ𝑥ହ + ⋯ = 0 ⟹ NO formula by radicals. But:

𝑝𝑥ଶ + 𝑞𝑥ଵଶ + 𝑟𝑥ଶଶ ↦ 𝑝𝑥଴ + 𝑞𝑥ଵ଴ + 𝑟𝑥ଶ଴ ↦ 𝑝 + 𝑞𝑦 + 𝑟𝑦ଶ

Theorem:  given several monomials 𝐴 ⊂ ℤ,
assume wlog that 𝐴 starts at 0 and generates ℤ.
Then the general equation supported at 𝐴 is solvable iff max 𝐴 ≤ 4:

𝑐଴ + 𝑐ଵ𝑥௔భ + ⋯ + 𝑐௤𝑥௔೜ = 0

Specialization:  consider 𝑐଴(𝑡) + 𝑐ଵ(𝑡)𝑥௔భ + ⋯ + 𝑐௤(𝑡)𝑥௔೜ = 0,

where 𝑐௜(𝑡) is a generic polynomial supported at 𝐴௜ ⊂ ℤ.
Its solutions 𝑥 = 𝑥(𝑡) can be expressed by radicals 
Iff max 𝐴 ≤ 4 OR 𝐴௜ = {𝛼 + 𝛽𝑎௜}:



Why:  the Galois group of the covering (𝑥, 𝑡) ↦ 𝑡 is full symmetric,
UNLESS 𝐴௜ = {𝛼 + 𝛽𝑎௜}

Why:  it contains a transposition and is 2-transitive
UNLESS 𝐴௜ = {𝛼 + 𝛽𝑎௜} ⇒ contains all transpositions

Thank	you!


