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Introduction

Question: How
" big

"

can the aut. group of a Fano

variety be
? infinite

dimnsli 9=0 (Kiso) : IP
' AUHIP')=p④

9=1 114=-0) : Autcc)=④t,o)
g≥2 (Kc> 0) : lttutccl ≤ 84cg- 1)

Question' : How "

non-abelian
"

can Aut (Fano] be ?

Defy a group is Jordan ¥, 7 constant 5- JCG) such that any finite subgroup of G
has a normal abelian subgroup of index ≤ J

a family G of groups is uniformly Jordan ¥7 every Gag is Jordan
,
and the same

workout J works for an G c- llf
Thin ( Jordan 1878) GLNCQ) is Jordan

Thm_ (Collins 2007] For n ≥ 71
,
the Jordan constant JCGLNCIC)) = (n-117 !
from the standard rep.

of Sn-11
Sn-11 2 ①

^"

by permuting the n-11 coordinates

Have a ]-dint invariant subspace span / e, -1 - - - ten,}

The complement is the standard repn 5h-11 ↳ Gln(f)
Conditionally on boundedness

of terminal Fans
proved BAB

Thin ( Prokhorov- Shramov- Birka) ( Fano means KH)
For n≥ 1

,
the family of groups

/ Bir ✗ / ✗ n-dimensional rationally connected variety} is uniformly Jordan

V1

{ Autx / X n- dimensional 1kt) Fano variety}

Corkage? In any fixed dim n
, get a Inori explicit) bound on the size of

a semisimple subgroup of Aut ✗ for any h
-dint Fano✗

↑ has no nontrivial abelian subgroups µ symmetric group
on m elements

In particular , I Mln)
= maximal m such that Sm↳ Aut ( n-dint Fano variety)



✗ symmetric group
on m elements

In particular , 7 Mln) = maximal m such that Sm↳ Aut ( n-dint Fano variety)

Examples 1) Sn+, I 1M by permuting coordinates (Xo : ' - :Xn]

Sn-12 A IP
"

by standard repn

2) Among rational varieties ,
can do 2 better

n-12
n -12

✗ :=( { ✗ i = 2×7=0) ≤ Ipn-12
i⇒ i=o

Snt}
- action on Ipn-12 descends to ✗

✗ ≈ smooth quadric ⇒ ✗ is rational

for n= 1,2, Sn-13 it the largest action :

n Mln) optimal examples

I 4 P'
(Dolgachev-Iskovskikh

2 5 IP
'

xp
'

,
Clebsch cubic

,
DPS 2009

)
5×5-2×7=0 EY. = Ex

,

? :O ✗EMTs ≈ (IP
'

)%z
3 7 4-3-13 Only only exmp up to conj .

(Exi = EX;2= Ex,-3=0 ) ≤ 11,6
(Prokhorov 2022)
c- is irrational LBeauvine 2012)

≥ 4 ≥8=14+3 ? ? ?? no classification

Detri a Fano variety ✗ is maximally symmetric it it admits a faithful 5min,- action

Question 1 : In dim n≥ 3
,
are the n- dimensional maximally symmetric Fano varieties binned?

Question 2: In dim n≥ 3
,
are the n- dimensional maximally symmetric Fano varieties irrational ?

-

Remi QI: This behavior is very different from ab⇔n actions

Exmp: M(4) 38 :

✗
123

= ( { Xi = Exit = { × ,? = 0) E 1177 } smooth Fano 4- folds with

faithful Sg -actions

✗
izy
=/ Ex; = {× ,

? = [ ✗i4=o) ≤ p7

Theorem 1 ( Esser-J.- Moraga] The maximally symmetric Fano 4-folds form a bounded family
(show Sg- equivariant Fano 4-folds are bounced]

Rein: Sy-equivariant Fano 4-folds are unbolted
Reasont Sy 2 Fano 3-told Y

can make some family ( proj bundles /Y) where mlds form an unbounded sequence



§ 2. Bounds on symmetric actions

Theorem2 ( ESM) For n ≥ 1
,
let pn : = smallest prime number > n-11 .

n then Mln) < pnt, In -11) .

( → Mln) < ( I + E) In-1172

[Mln) = maximal m such that Sm↳ Aut / n-dint Fano variety)]Uu results of 5. Xu on

p- groups acting on RC varieties

For certain clashes of Faro varieties , get sharp bounds

E×m_p: let ✗ =/ Ey. = Ex ,? = . _ . = Ex;m=0) c- pntm
Choose larger m such that ✗ is Fano lie want -

n -m
- l +11+2-1 . . - m ) < 0)

✗ is a smooth n
- dime Fano variety with a faithful 5mm-11

- action

Get n-1m-11 = n -1/1-18%-117 = : Mwa, Cn)

Theorem3 ( EJM) Let ✗ ≤ Plan . > an) be a quasismooth weighted complete intersection ,

with a faithful 5k- action . Then k≤Mwc[ lnl , and this bound
is sharp.

Moreover : 1) If smwg.in, I ×, then there is a finite cover ✗ → YEP
"

defining ideal of Y is go.by symmetric polynomials
2) If 5µW in,

I ✗ and it ✗ has maximal Fano index
,
then

✗ is equivariantby Ison to a complete intersection in pwj. space defined

by Fermat polynomials
n 1 2 3 4 5 6 7 8

Mwa on] 4 5 7- 8 9 11 12 13

n-13 4 5 6 7 8 9 10 11

(Sm}↳ Crn ← for n≥ }
,
Mwc-21h) > n -13

(Recall: Max symm Fano 3-fold is irrational)
some ingredients otptot :

Lift 5¢ action to IP /ao , - > 9N) = :P-1hm 3

I → ①
*
→ Aut R → Aut IP → 1 12=61×9 . >

✗µ]
wth;) = ai

V1

Tel Alive CIC) → get §, ↳ Glue(E)
(sinuate)

Use projfep theory of 51 to bound k

Faro assumption on ✗ is used in nunneries



Theorem 4 ( EJM) Let 51<2 h- dine simplicial toil variety

n maximal k optimal examples
* smaller than Sntz A quadric

1 4 IP '

2 5 IP' ✗ IP
' * smaller than Mwc, In)

3 6 1123

4 § 6 § IP
"
, P'xp
'

≥ 5 h -12 1PM

tdeai.hu structure of Aut ( tail variety) ( Cox)
,
we Lpnj) repn theory of 5k and Ak

Question 3 : for n≥ 1, is Mwc, (n) = Mln) ?
c- optimal among fans

t

optimal among quasi'm WCI Fano]

Recall Sntz ↳ Crn(6) by Q Fermat CE quadric

Question 2
'
: Is snog the largest symmetric subgroup of Crn(f) ?

§ 3. Pf of Theorem 11 (boundedness of Sg - Fano - 4- folds)

T.de#Sg2X-- Fano 4- fold ,
IT:X → Y = ✗/Sg quotient

define

IT* (Ky + By) = kx
=

(Y
, By] log Fano pair , get 3 Cates depending on wrestYiBy)

Deft (Moraga] . the coregularity of a log CY pair (YP ) is

wreg.LY ,
P) : = dim Y - dinDIY

,
P) - I

• the ooregulaity of a log Fanp CY
, B) is

wregly , B) i. = min / Weg LY ,P) I r ? B and H,
P) y log CY}

dlltmodif
DIY

,
P) = dual complex : (Y ' , P

' ) → (YP)
Ei

#
dual •

~Ñ

I D8 co

CW complex ; vertices Ei
fill in local] based on intersections of Ei 's

Cawrg=4 Cant wreg =3 Cak2:_ Weg ≤ 2

[ directly show boundedness ⊕
luring Birka's BAB)



Cate: ooreg ≤
2

.

Iko"¥u)↳ get pair with dual complex Ygihoneo to $" or ID
"
with K ≤3

Uu results of Pardon and classification of actions on spheres ↑
to get a contradiction

"

Sg
"

acts on this

⇒ this case doesn't happen

(need many results in topology) .

Ingredients of pt Of Tnm 2 : in dim n ? S

• 58 doesn't act on Fang of dim ≤ n -1--3 ? ☒ In-1) is unknown for n ≥s

• So doesn't act on spheres of dim ≤ 3 ?

• dual complex of log CY pair of dim≤ 4 ? ( but expected to be true )
is a quotient of sphere or disk Ot din≤3

• boundedness of Faro 4- folds with

WG dikrep bounded away from 0
✓ ( Birka)

Question:4 : Is MWD strictly increasing ?


