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Conjecture generation using 
Machine Intelligence



Hilbert’s 23 problems

The thirteenth problem: 

x^7 + a x^3 + b x^2 + c x + 1 = 0. 

Can one write down the solution (x) as a 
composition of a finite number of 2 variable 
algebraic/continuous functions? — Hilbert (1900) 

It is possible to construct any continuous 
function involving multiple variables using a 
finite set of three-variable functions 
[Kolmogorov, 1956] 

Only two variable functions are required!
[Arnold, 1957 (aged 19)]



A mathematical supernova

Kolmogorov Arnold  representation

Neurocomputing “The Kolmogorov theorem was discovered 
during a friendly mathematical duel 
between Kolmogorov and fellow Soviet 
Mathematician V.I. Arnol’d ... Kolmogorov 
won.” - Robert Hecht-Nielsen 

Hilbert’s conjectures beg the question what 
constitutes a good conjecture?



Geometric Sampling Techniques — 
Theo Long, MPhil, Cambridge



The subtle art of making Conjectures

Robbert Dijkgraaf: https://
www.quantamagazine.org/the-
subtle-art-of-the-mathematical-
conjecture-20190507/

Conway: Oberwolfach 1987 
(with Hirzebruch) 

Good conjectures are milestones in mathematics. They are  

1. nontrivial; 

2. with potentially substantial evidence in favour of it (e.g., 
Goldbach’s conjecture);  

3. terse (e.g., Collatz conjecture);  

4. can potentially unlock new theorems (e.g., RH); 

5. “outrageous’’ — John Conway.  

If a conjecture is proved within a few months, then perhaps its 
creator should have pondered it a bit longer before announcing 
it to the world. — Robbert Dijkgraaf (we might ignore this sagely 
advice atm). 

Let’s consider a class of conjectures … 



Conjectures on Inequalities

f < g

Wide ranging applications result from an ability to bound 
functions in mathematics.  

We aim to build an oracle that interacts with mathematicians to 
generate novel conjectures about inequalities which agree on a 
large amount of data. First we address the question: is there 
any structure in this space of relations ?  



Symmetry as an organising principle 
for conjectures

Symmetries are a guiding principle for 
understanding nature through modern 
theoretical physics.  

We now seek to understand whether tools 
from classical invariant theory help us give 
structure to a space of inequality relations. 



The space of Relations and Conjectures

Let f, g be continuous real valued functions over a 
compact set D.  

Space of relations (R): tuples (f, g). 

Space of conjectures (C): tuples (f, g) such that f < g 
over D. 

Note (0,0)  R but (0,0)  C. 

We pose the following questions:  

1. What is the largest group acting linearly on 
C? 

2. Are there any free group actions on this 
space?  

∈ ∉

R

C



The space of conjectures (C)

A visualisation of a smooth approximation of  
. W h e n t h e s m o o t h 

approximation approaches , the conditions 
 and  are met strictly.

p(a, b) := 1 + δ(a) − sgn(b)
p(a, b)

a ≠ 0 b > 0

Consider a set of linear transformations acting on 
C. 

, where 

 

This forms a group and admits a semi direct 
product structure: , where  is a group 
of positive dilations parameterised by b, and  is 
the subgroup corresponding to b=1/2.  

Group elements can be thought of as zeroes of the 
function .   

Does this group or any subgroup act freely on C? If 
so, perhaps we could study quotients of C.  

𝒢 := {A ∈ GL(2,ℝ) : A( f, g) ∈ C, ∀( f, g) ∈ C}

A = (1 −1
1 1 ) (a c

0 b) ( 1 1
−1 1) ; a, b, c ∈ ℝ, a ≠ 0, b > 0.

𝒢 = 𝒯 ⋊ ℋ 𝒯
ℋ

p(a, b) := 1 + δ(a) − sgn(b)



The space of conjectures (C)

The subgroups  

 are maximal.   

These groups are matrix Lie groups. 

These open up a number of questions, but the 
insights feed into the algorithm that powers 
the “oracle”.

𝒥1, 𝒥2, and 𝒯 act freely on C .

𝒥1, and 𝒥2

 
 

 

 

 

ℋ := 𝒢 |b=1/2

𝒥1 := 𝒢 |a=b

𝒥2 := 𝒢 |a= 1
2

𝒯 := 𝒢 |a=b, c=0

G[a, b, c]
H := G[a, 1/2, c]
J1:= G[b, b, c]
J2:= G[1/2, b, c]
� := G[b, b, 0]
Common excluded region: a = 0

Various subgroups of . 𝒢



The Oracle

R

C

The conjecture space (C) can be seen as a subset of 
the space of relations (R).  

This is a sampling problem! One approach is a naive 
search ala geometric gradient descent (our space 
admits a metric). Every point in C and its orbit are 
conjectures. 



Some number theoretic conjectures!



A theorem for the prime counting function

Second Hardy–Littlewood conjecture 
(1923) 

Theorem:  

CM, RS, SRM (2023)

π(ab) ≥ π(a) + π(b), ∀ a, b ≥ 17



Outlook

1. Representations: symbolic, HOL, NLP 

2. Coupling with proof assistants 

3. Quantum processor 

4. Brining in machine architectures 

5. Applications: Physical systems, Machine Learning, 

Number theory, Group theory, Random Matrix 

models, … 

6. Conjectures beget conjectures? 

7.  Rethinking mathematics education. 

Limitations: 

1. Curse of dimensionality!  

2. Needs easily computable functions. 

3. Human readability.

R

C
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Let’s make some conjectures?


