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A MODULI SPACE OF HOLOMORPMIC SUBMERSIONS

§SETMNG AND MOTIVATION
(Y. Hy) pLopt ho'omorphic submersion oF smosth PmJec,\-iue_ variekies

l

e all Eibres are smooth

(B,
L\ e L—BR amp\e |'me b\mdle
+ Ay—Y relatively ample line bundie :
Hq \\‘ - T ample
These {ibrations °

—> 3eoem\ise holomorphic vector bundles

—> constitute a woy of S‘tudgins families of ij-ecﬁue, manifoldg



$SETING AND MOTIVATION

On vector bundles

E —B holomorphic vector bndle . flssume E ig simple : M(E, endEV = C.

Taking +he projectivisation

X=P(E)y—B holomorphic Submeryon, S'p(a(“\v — PE}  relatively ample
Opcer v, = Ty

Hitchin - Kobcuiqshi correspondence [ Naroshiman-Seshodn , Donatdsen, Lhle pheck , Yo )

Sl\ope S*abilﬂj «—> J Hermite-Einstein connections
(algebro - geoma tric ) (geometne PDE)



$SETING AND MOTIVATION

On vector bundles
E —B Whmophic vector bndle . Assume E i smple : NM(E, e¢ndEV = €.
Taking +he projectivisation

X=P(E)—B holomotphic submerson, Sw‘(w\v — P(E)  relatively ample

Hitchin - Koboyashi correspondence [ Nasashiman-Seshudn, Donstdin, Lhlepheck , Yau )

Slope S*Qb'llit\j «—> I Hermite -Einsteln connections
( U-lqebﬂ') - §eomma nc ) ‘ijkm\(-hnc PDE)
W,
moduli Spoce u% haem. vecror lbundlen
GOAL: « construct a awduli space of smosth Librotions

* genevalise the Hetmite-Einstein comnections +o optimal-symplechic
comnections on Librations with K-semistokle {ibres



SSETING AND MOTIVATION

EXO\mp\e: E — C  mlomorphic wector bundle over a ecuwe , W, kshler on C .

dEQE d
£ - ‘o > : = =, -
De slope of E : M(E) =

where  deg E= deg (/(kEE\ = < (p) [w]

e E isttable if ulB)>u(F) VFcE subbundle
e E i <emistoble if wl(E) > u (F) VF cE

=> (MumBord)  thore exists & moduli space of Semistable mector byndles with

fixed rank and degree, M .d) and +he moduli Spxe i3 constructed
as & GIT guotient (loceNB and g\obo.\hj\



SSETING AND MOTIVATION

From Hhe 09eome+ric PD€ side : E-B h or Kbrel of C
4 Hexmition etructure induces A'& Chetn connecthion.
Def Ay is Hexmite- Einstein i€

A FA.& = lil.E A’

Wg

AM(E)

Jo

[Fujiki- Schumachar ] 4here existe o moduli spoce R wector bundies thok

odmit o Heumite - Eirstein connection.



SSETING AND MOTIVATION

Back 4o fibrations ¥ —B -

We need: — a genevolisston @ Hexmite-Einsein conneckors. optimol
Symplectic connections. They are sslutions s a. PRE +hot
are reloted fo the slobility of the Cbration.

— Stability condition for the {fibreg: in tetms of
K-s’mbiu-tg



$SETING AND MOTIVATION

Bock +o fibrations ¥ —B -

We need: — a genevolisston @ Hexmite-Einsein conneckors. optimol
Symplectic connections. They are sslutions s a. PRE +hot
are reloted by the slability of the Gbration.

— Stabilitly condition for the {fibreg: in tetms of
K-s’mbiu*g

Another bit of motivation: merge +hese two pichwres

Slope stobi L&, é—t.L> J Hetmite - Einstein

K- stability . 3 ICohler mekrics with
Con) Conatant Acalart
cuwatwre CSCK

Secor (W) = S



SMAIN QESULT

THEOREM (-) There exisls o moduli spoce +hot parametrisey holomorphic
Submersione Ty ¢ (Y, Hy) — (B,L)  +hot
o have discrete relative automozphism group :
Autlw, V= § ge Aut(Y, W) l My °g = Wy }
* admit on optimal 3ymplectic connection.
Such a moduli spoce is @ HowsdorP® complex analyhc spoce
and it admits a Weil - Retetsson type kshler metric



§ STPBILITY OF THE FIBRES

In terms f amlytic K-semietobility <«— 3 cek metrics

More precicely:

Rssome +hot (Y.Hy) — (B.L) degenerates to (X,Hx) — (B  such +hok Vbeb
(Xy, Hp) hos o kohler metric with constont scalar cutvatuce :

W, € c (Hxl ) such +hot  Seob(wyd= &,

1. 5, s a dopolsical tonstant +hat doee ndt depend on b becawse
< (Hy lxb\ S an inteser clow o cohoology clas

2. [Dewan-Sektnond There exists we ¢ (Hx) at. leL has ¢ongtant

stolar cuxnature , 0 i &LAT\\IEL.\( KhHLER MneETAC




§ STABILITY OF THE FIBRES

Degenezotion means : S= porometer spoce  (digk A or €C)
(6,H) (%o, Ho ) = (X, Hy) (3¢5, M) (%, H,)
! st. J, \l, re. and | ¥

Bx S B B Sk B Yo X



§ STABILITY OF THE FIBRES

Degenezotion means : S= porometer spoce  (digk A or €C)
(6,H) (%o, Ho ) = (X, Hy) (3¢5, M) (%, H,)

l . \l/ \L and | y 3 |

BxS B B B Y &

How 1o 4hink o@ 4ege deseneraﬁoog:
Let (f_*fb Bx C -lrivio.l\y on B. Then we con realise +he degenem'\ion
(E) — Bx@  usig o @+ o €* +o (% M)

Ph\'\osoph\'cal!y: (6, H)—BxC is o Fomily of est onPigurations
for the Ribres X, compatible with the {fibration Shructure



§ STABILITY OF THE FIBRES

(%, M) (%o, Mo ) = (X, Hy) (3%, M) (v,H,)
l 'Y \l/ \l, and. | < |
BxS B B B Y &
Remork;

4. the Libres & Y—B are amighm\\s K-gsemistoble



§ STABILITY OF THE FIBRES

(%, M) (%o, Mo ) = (X, Hy) (3%, M) (v,H,)
L 'Y \l/ \l, and. | < |
BxS B B B Y &
Remork;

1. the €ibres ok Y—B are oma\gh'ca\\3 K-semistoble
2. R relotive wersion of Elvesmann theorem implies thok X ond Y are
diPecmerphic - Let M= underlying smooth manifold .

=S we an view Y oy o deformation of e complex s¥ructute of X.



§ STABILITY OF THE FIBRES

(%, M) (%o, Mo ) = (X, Hy) (3%, M) (v,H,)
L 'Y \l/ \l, and. | < |
BxS B B B Y &
Remork;

4. the fibres R Y—B are amighm\\3 K-semistoble
2. R refokive version of Elwesmann theorem implies thak X ond Y are
difecmerphic - Let M= underlying smooth manifold .
=S we an view Y oy o deformation of e complex structute of X.
3. ¢ (HxY=c (Hy) e B3(M,Z) and < (Hy) is of Hype  C1,0)

O.ko on Y



§ STABILITY OF THE FIBRES

(6, H) (%o, Mo ) = (X Hy) ¢, M) (¥ H,)
l At \l/ \l, er. and | < |
Bx S B B \,;C/r g Vszo é
Remork; Q;rb;%\’-' Pﬂw

4. the fibres R Y—B are amighm\\3 K-semistoble
2. R relotive wersion of Elresmann theorem implies dhok X ond Y are
difecmerphic - Let M= underlying smooth manifold .
=5 Wwe 0 ew T os o dePormation of tre complex structure of X.
3. ¢ (HxY=c (Hy) e B3(M,Z) and < (Hy) is of Hype  C1,0)
alo on Y
= we howve we ¢ (Hx) relak\kly csck  AND e con assure thob
Wwe G (Hy) s also relofively kahler (buf no ¢sck on the fibres)



8 STABILITY OF THE FIBRES

=> e (ix Ine smooth structure M ard 4ne relotively symplectic form  w
Le Loy the hobhmopbhic Shructure
X=(Mwl) - B T2%s=(Hw ) —B



8 STABILITY OF THE FIBRES

=> e (ix Ine smooth structure M ard 4ne relotively symplectic form  w
Le Loy the hobhmopbhic Shructure
X=(Mwl) - B T2%s=(Hw ) —B

This con be made precise b\|
THEOREM (=) The deformotions o He hobmorphic Submewsion X —>B
that presewve the projechion ente B coan be porametrised by an open

subset Vir of o QPinite - dimemsionol nector gpace  in ..Q.o"('l'v::)(\'.
H (T

- 7 ) almat+ complex structures on M uompozhue
@ : Up &= Jr- with W and with +he projection ondo B



8 STRRILITY OF THE FIBRES

THEOREM (=) The deformotions of +e holbmophic Submewsion X —B
that presewve the projection onts B Con be porametried by an open
subeet Vi of o Qfinite - dimengional nector Spoce in _Q.O"(TWX\'.

vert

. 7 almst+ complex stuctures on M wmpotide
@ : Up &= Jr= with W and with +he projectHon onto B

eqd\rarianf w.r.t.

K bihglomorphisms o? X  thot commute with ™
‘“’:

ond are Librewise itomedtries of Hhe relotively
Kahler form W

Relotive kutanishi thewrem | or Luno Slice theorem or Hilbert scheme



8 STABILITY OF THE FIBRES
So we can identi€y

\4r3 O —— )l( ‘e\_ CSCK and ‘“\Q degem_m‘hm (%,'}L} -~BxS
B ke Con be realwed o an orbit in Vir
E R C"Ys st. oe C" Ys
(js (— Ly A
B 8B C <Ky

Key ‘o congtruct modull spoce @ having a degenezation 4o a relotively
csc K fbration it o locally cloted propezty.



§STBB' L\Ty oF THE FIBRES
So we can identi€y

O — )J.( and the degennestion (3¢ ,) ~“BxS
B Con be reahwd os an orbit i Vo
4o — Foa ] T4 skooe Oy
8 g C <Ky

Key ‘o congtruct modull spoce @ having a degenezation 4o a relotively
csc K fbration it o locally cloted propezty.

HSSWM 'H\d: . QU“'O(XID» Hx\b\ are all isomoxphic.

Lemma (=) There exists We Vi loeally cloted fubvauety tuch thot
Vuwe W 4he corresponding  Librodion L(w, —B  admitt a
daaene‘w'\w\ b some X —B with esck Qibreg |



§ STRBILITY OF THE FIBRES
Assume that : Puto (Xb, Hxly) are all 1Isomoxp hic .
Lemma (=) There exists We Var  loeally cloted fubvauety ach that
Vuwe W 4he corresponding fibration  Tor — B admits a
deaenew‘\'\m b some X' —8 with eack Qbreg

Prool : UcB open dart. Coonsider
the Kuranihi spoce of the fibres B X=2U 4 construet X —T locally
V; TR kb°= bikolomozphic isometries of (w\xba, llxb)

Kt = Puto (Xy, Hxly)

9

=> c¢sck fbres pear X, are
o
° (S&\Q\%ad\'\ QIT- po\\‘s-hb\e ponts in V"’o

e Ffixed points by +he assumglion



§ STRBILITY OF THE FIBRES
Assume that @ Puto (Xb, Hxly) are all 1Isomoxp hic .
Lemma (=) There exists We Var  loeally cloted fubvauety mch that
Vwe W +tho corresponding  Librodtion ((w, —B  admitt a
degenew-\*m b some X' —8 with eack Qbreg

X Y
i} <~y “‘xb} c ng and d =) i ‘jb“ c Vbo
{ixed Y

A-'L. kfg‘ L‘b 3 xb




3 STRBILITY OF THE FIBRES
Assume that : Auts (X, Hx\b\ are all isomoxphic.
Lemma (=) There exists We Vir lotally cated Subvauiety such thot
Vwe W +ho corresponding  Librodtion (\,w, —B  admit: a
degenew-Hm b some X' —8 with eack Qbreg

Proa follows from:

DfOD (=>: There exis's an cmu\yhc

subvaiety \E: of Vi, at

Fe Vol — W,

-

{Qxed polystoble  point +m} 's  holomotphic.

— x =
3 * clowure 6 the orbit



§ STRBILITY OF THE FIBRES
Assome that : Puto (Xp, Hxly) are all 1somoTp hic .
Lemma (=) There exists We Var  loeally cloted fubvauety ach that
Vwe W +tho corresponding  Librodtion ((w, —B  admitt a
deaenew'\'\m b some X' —8 with eack Qbreg

Remark

The proof relies on deep resuMis:

+ Llhen-Sun]  uniqueness of k-polystable degenotoion

* [ Seekalymdi], [Bromnle 1 efopmation theory of csck manifolde

. lg%e\@\g‘f\'\‘;‘] a K-plystable deformation of @ cwck manifold is csek
" analogy with Bia‘\'qhicki -Biculo  stratificotion



$ OPTIMAL SYMPLECTIC CONNECTIONS

DEF Let {—B ke @ hoomozphic smetsion with K-semistabole Cbres
ond let X— B be a relomvely csek dcsenem‘ﬁon. A mledciuely koh'er

metric W i3  ophimal Yy mplectic eonneckon i@

Pel Dot Ao oL+ N P +2v) =0

o X)O

. (F;, = sqymplectc cuwature of w

° P =365I03 W™ m=rel dim X-B ie. p=wrvature of Hewmikon
mekrfc induced by w on /\MT”:X = -Kyg

w

¢  (unature quonhly of deformation foanily: v = | sl (w, 3

dS° S=o Vet

Tt reduced bj Deman- Sektman onen thg Ribres are csck
Here: extension Yo K- semistoble Qibres



$ OPTIMAL SYMPLECTIC CONNECTIONS
PEL Doy A Tt + Ay b =2 v) =0

o LHS is smosth Qunchisn. pp  projeckon ovbe 1 (E— B) =:€*(E)
E, = hoomozphy potentiods an Xi = hoomorphic echr fields on X,
ot vanish somewrere = { £¢ (%, Y | 3 V'YF =0}
Our axsumption Fom before thot  Aut, (X, T"°X,) ore ol isomezphic
imphey thot  tHheir lie algebroo 'ho (b) howe ol +he pame dimens™
ancl 430(»,\ «—> E,
» E 9B is o aector bundle [Hallom]
’w»,j extend ophmal symplecke connections }o K-semistoble Qbres?
Recouse it is an open condition while csck t ig nst !



$ OPTIMAL SYMPLECTIC CONNECTIONS
Pel Doert A Tt + Nugy B2 +2 ) =0

Kmk: +he quOu"'"'O\'\ ‘S in"ezesﬁna when the fibres hae more automorphism s
of the Jotol gpace. Eq. it i frivial when the Libres are Riemann Surfoces



$ OPTIMAL SYMPLECTIC CONNECTIONS
Pel Doert A Tt + Nugy B2 +2 ) =0

Kmk: +he quOu"‘iOn ‘S in"ezesﬁn» when the fibres hae more automorphism s
of the Jotol gpace. E,q. it i frivial when the Libres are Riemann Surfoces

E.9. progctive bundles-

o‘Pf;nv £ h Hezmitian metric on
Y iR o O Y
P(€) —B w> h' Hermition metnic on (-

Its uwotuze W=9Fy  such ot w|m) Wes |,

W is optimd] symplecic comnection <=> ﬂe‘is Hemmite Einston



$ OPTIMAL SYMPLECTIC CONNECTIONS
PEL Doy Ay Tt + Mgy b =2 v) =0

Rmk: +he quo‘HOﬂ IS in"ezesﬁns when the fibres hae more automorphism s
of the Jotol gpace. Eq. it is frivial when the Libres are Riemann Surfoces

fsuve: Pot ey )= (LY HI| ol = w]  disuete



$ OPTIMAL SYMPLECTIC CONNECTIONS
PEL Doy Ay Tt + Mgy b =2 v) =0

Kmk: +he eqvo"‘im S in"ezesﬁna when the fibres hae more automorphism s
of the Jotol gpace. Eq. it is frivial when the Libres are Riemann Surfoces

flsuve:  Aut Gry V= (LBt (Y H)| Tof =w?  disuete
C]oinB bock o the ICutonighi Spate V,, :

- 3 —_
OG\I“- “B' LE'l' U.O:% lS‘=o3" €T3VR . Thon te on write Hhao
X ¢ equoeton on T os: @(wo o,Us) =0
33€ Vﬂ’ \|_ o)
B (-



$ OPTIMAL SYMPLECTIC CONNECTIONS

@(N, O, U'o) =0

Assume ® Y —B hag on optimal Symplectic comection, ie. O (w,0,1) =0 .
e We Uit locslly cloed gubtet of the ficst emmo @ Ywe W
L{w —B odmits o degenero:ﬁw\ fo X'—>B rel. caek.



$ OPTIMAL SYMPLECTIC CONNECTIONS

@(w, O, U'o) =0

Assume * ¥ =B hog an optimal Symplectic comection, ie. O (w,0,03) =0 .
e We Uit lowslly clowd gubset of the first lemma : Vs e W
L"w-’B odmits @ degeneration o xl—>B rel. ¢ack.
lemma. (=) Let fQut(w,) be disuete. let e W > ¥, —B.
Ther we can Gnd @ puz (x, ) € TW ai
x —> X' —B csck Rbres
V = lg, Wi € TxVnm
Then FDec, (RN st O(G, 1, v)<0



$ OPTIMAL SYMPLECTIC CONNECTIONS

@(w, O, U'o) =0

Assume * ¥ =B hog an optimal Symplectic comection, ie. O (w,0,03) =0 .
e We Uit lowslly clowd gubset of the first lemma : Vs e W
L"w-’B odmits a degeneration o xl—>B rel. ¢ack.
lemma. (=) Let fQut(w,) be disuete. let e W > ¥, —B.
Ther we can Gnd @ puz (x, ) € TW ai
x —> X' —8
V = lg, Wi € TxVnm
Then FDec, (RN st O(G, 1, v)<0
PC: imphicit Luntion Hheorem
Rmk: the Lemma gwes openness of solutiong  widhin a locally dord subvoriety.



MoDuUL) SPACE
Let Y —B admit on ophinal Symplechic connection
The +ws Lemmas give o locally cloed complex spoce W where +Hua

Qquation skl admit eofutions

> lotal charts of moduh gpoce - W/ - whare  Aut(mry) is finite,



MOoDUL) SPACE

Let Y —B admit on optimal Symplechie connection

The tws Lemmas give a locally cloied complex space W where
equation Skl admit sofutions

2) w. c\m("s oe MQduh Space - whare AU‘HTT\«) S ‘Rhi*?

A/U'H ™y

M-stobilkty — J B
o HNLSdOf-e# k—s‘_ab;uh} > BCSCK

* Har o Weil -Petetswon Hype kdhler metric

Remarik :
v Libravtion s.+ab\l£¥v.( [Dezvan-hk‘“aﬂ]

e 3 optimeal symplectic connections — [(Hallom)
’F - stobility [Hottori]

o  [Hashizume -Hottori ] moduli epoce R Cobobi -Yau {ibrathons o1 o cuwe
where also the bose chonges






