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Question:What is a good refinement of coherent sheaves in log geometry?
Basic cases: · DaX ucdivisor toroidal/

· (X,X0) -(5,0) nc degeneration-> logsmooth

Applications:· Log DT/PT for pairs, doric degen's-> givingformulae,
computations

· induced degenerations of moduli spaces of sheaves
⑧

H a of Hyperihlen Hilbiks
· constructions of bundles on X bydeformation from .
· constructions of stabilityconditionsa



I

Candidate:

1) Parabolic sheaves (Borne/Visboli/talpo 2010(1x)

coherent sheaves an infinite roofstack associated to (X,dex)

I1) Transverse sheaves on expanded degenerations 7.Li/B.Wu 2011 Dsmooth↓Manlike/Ranganathan 2020 Id supp (
logT

#1) 0,0 =0x[Mx]/05-module (.., STT2019-2021)

IV) Sheaves on "closed log subschemes" (ST 2021, Kennedy - Hunt 2023)
y

thistalk:restrict to log Hilbert scheme



(

Logarithmic geometry (via stacles)

ocIR" rationalpolyhedral come- Ar:Speck [r",227 are
stack quotient:Ar=[Ar/ir] I =bek [22]

variety

E:[AY 4m] /-> strata Bamea pt (open)
④

ei = Ar Closed) BGM "Blim
↓

Log structure on X:X -Log -hit [Olsson]

-> strata on X: pull-back from Ar locally
decorated by comes o

Tropicalization: Trop X= hmor cone complex



- Speak-As
Els: a log points speck -> As

u -> AA

· D =D,u..rDr= X suc -s

etalet, these patch
X -> Ro

Farjust (X,D) toroidarl]

· pull-back:X -> Log, Y-X -Y -X-cYog

·log modification:4 -X sith locally-Astin y

2 -> a subdivision
s ↓ x

TUEI
x -> As

i.e. locally given by a toric birational morphism
X I



1. A failed approach AsAnEatpit
↳

N

tempting:Consider idealin the "Log structure sheaf" :Mxth,

610 = 0x [Mx]/Ox hizm hm for heb

Rm:Oxhas too many ideal to be useful wholesale
One can nevertheless restrict stalkwise to prove acorrespondence

[STT 2021]

(I*=bxr <-> transverse subschemes z2X towicI-blowing upAx

But:no good global theory,



I. LogHilb:Closed logsubschemes
7

L

For simplicity:tinged X rather thanXIB stat,
f

Deiclosed log embeddingof X over 5:E ->
=Xx)

· is log flat
-
log modification it

· ffartar zX,X,
↑ Note:Is relative even if s

strict closed embedding, i.e. log str. locally on I is apt:S=Specia ->b1
pulled back fromIs =Spec(k-Ar=a
=-> TVE)

Log modification:locally b ↓ Isubdivisional
orin Xs

X Ar=Speeztrn)



Log flatness (K. Kato, Olson, Gillam, Ogus;Jeelev) 18

overlagpt,
z -> Ap

8 log fart 5
ExGIPY) -> is(0)

I

locally on z: Spectates -a flat

pla) Q= 0. E/K loy flat > 7 xGIP9)--Ap flat (..Tevelev)

i.e. Log flatness mean foric transvanality

b) WulLi: DX smooth divisor P=NN,Q=0 Tox(0z,p) =0



(i) z=(A,pe)= X=A?V(zwll Elk not log-flat:
+1-(t,t) P=AY, Ax4m-> AA

(ii) z =(**,0) , X=(AARV(z,w1) Elk is log-flat:
8 is a closed log embedding:

P=IN, AFxkm-A

strict ⑧

⑳

-

P=IN q

⑳

I log modificationIN* ⑧



I
Rall:closed subschemes z'*sx

=equivalence clams ofclosed embeddings fir
zY

Now:closed log subscheme -equivalence class of
E ↳Y
-closed log embeddings, but equivalence induced ↓ (x)by boy modifications X- X: z - X

Natural also from looking forproper monomorphisms:
2

Roop;EX is aproper monomorphism
--

strict closedembedding(in the category of ts-log schemes) =E, is
It there exists a 16-cartesial diagram -** ymrdit.



The stack of closedlog subschemes 40.

I the stack Logttilb of closed log subschemes -hi Mabraic
PI; Locally an open subscheme of Hilb,(Xs)/AntlY,/Xs)

Raym:0 Lagtilb isnon-separated
· far from finite type even after fixing the Holbertpolynomial.

Common in log modalipblin:Can always pull-back objects over log pts via

spec(RANNck) -SpecIQ--h) [QcQaNN, qi 19,01]
In addition: him x not algebraic->

Y foric, dinY=n



It. key question:local tropicalmoduli I

E: Tropical hypersurfaces in a cone i =
0

↑=support of a balanced rational polyhedralcomplex
Tak:Parametrice all P (of bounded degree) by a polyhedral complex
Solution:Secondary fan f6R[X1, .,n) =RIP), val:- Rora)
--

n =2, f=xy ++a +t4y +t
PR 4=3

bott a Ic
bot a bott atsL

-

L L
⑧ ④ ⑧ 2 ⑧

b b+cC a b
C a b a

a+b < a+b =c arb>c
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⑦How does this work inhigher codimensions
& in mixed dimensions?

Need to define a notion of type of tropical subspace P =0
and define M+Y for East of the same type

Ephi al two point inRo
⑧

↳

b) two skew lines in Rio

=Y ↳



IV. Basic/minimal log structures
↳

Exp11: Stable curves -> Mg smooth, proper
DM-stack, log structure all

By no divisor of nodal curves
->

My

Stalls ittc =NNe, l =#nodes of C

Eart:Each (loy smooth, integral, vertical) loystr. E S
-> (Ug,u) instable t

on unique.Iputanen I ↓ ↓
-> (Mg,)

⑧

Basic monoid:Q :NNe for an I-modal curve ofstay
he



Exp1.2:Stable log maps c >X fibers =metric graphs ↳4

↓ A Trop(x)

speckarl: S Yop' I
Q= Hom(Q-1R>d

Basic monoid:G =(dual of monoid of tropical stable maps of the same type),
kn functorial tropicalization of logschemes:Trop(X)=myi
Epl:A com's in X=I2 IP=Hommon (P, R=ol]

b
A

A -

of
· ar

~Q =Ro, R =NNS
--

Lab,c



E. Basic monoids for Log Hill
15

and hyperplane arrangements
closed z --Ys family of trop N:TropE). Is Trop (X)

-

-subspaces (P) ↓

loy embeddings-Spicla-h) Tome foreach] 153- cone.assoc, prime

Pm:Polyhedraldecomposition of is changes under equivalence of loy embeddings,

Locallyin X:R = pr support of
·
aR --

-
-

balanced polyhedral complex o
⑧ V ⑧

P=xxxdepend anchoice] P
⑧



Flats F.C4 closure of connected flats
46

·may not sellascomponent of New be convex ·11 =

=1llI(
Hyperplanes associated to flatF:

HF =F+TF +T2, TCPR" face sith.dim HA rhP-1.

Hyperplane arrangement for P:
Noonehad of X

Up =4 H7
x
17.3 [in PRVorin P)

Idefinea polyhedral decomposition on ofPR

Lemma:Each flat F: T is a union of cells of P. Fuses that I is balanced]



Type ofTrop (E): #

At each x0X, P=dXx:

· hyperplane arrangement Itx =0 Ipin Pin, Z'2z embeddedand
=Trop(z)

· associated polyhedral decompositionPx

· type of Px:categoryof cells & star at each center (a fan in Pat.

· subcategoryof cells of Ox covering P.
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Example Tropicalcurves of different embeddedtype

M ·

Op, Pr
· ⑲ ⑳ 11

·

⑧

1 :
& & ·

same type differenttype
↑ 1 in Loghilbv in log an

· &

↑ M

·.. DR, PR
· ⑧ ·

& & & &
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key Lemma · tropical subspace of the same type can be added
->rationalpolyhedral come

· addition is compatible with generization mages in X: 3 -> basiccard
Xty=3 Py <> Pai face

①bas

· basicness is an open property in LogtilbaLogHilb: LogHolb in

open

Suggests:Tropical Hilbert scheme Trophile based on hyperplane arrangements
i Trop:LogHilb->Trop Hilb


