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CHALLENGE: Understand all varieties that embed
into IP

" ( over a field k=I) .
GROTHENDIECK( 1961) : Closed subschemes in IP

"

are parametrized by Hills ( lpn ) :
• Xc Bncorresponds to a point Hdb ( lpn )
• deformations correspond to nearby points
•
one-parameter families correspond to carve .
BASIC PROBLEM : Describethe geometry
of the projective scheme Hills ( Ipr ) .



HILBERT 118907 :There exists THEQED such that
p×Cj) = dimk ( klxoph.i.int/Ix) j for all ja O .

EXAMPLE :The twisted cubic curve is the image
of the map 1917183 given by
[Zo:Zz]t ftp.ozfzzizoz-I : ZI]

and Ic =↳xz-222 , Kaz-11712, Kok-KIT , so

Pdt) =3te f- It HE) -4 Hit-03) .
GROTHENDIECKClad) : Wehavethis disjoint union
Hilbllpn) =g.to#gHilb9-( Mn) .



MACAULAY( 19267 : Hi lb9- ( Mn)t 0 if and only if
there exists 1=171 , k, ooo , Ar) ENrsuch that

remix . ..3471 and qltk.E.ie/ttiIIi )
HARTSHORNE( 1966) : Every nonempty
Hit better) is path- connected .

REEVES- STILLMAN 11997) : Every nonempty
Hills4PM has asmooth point .

GOAL.cc/assifyallsmoothHilb9-Cpn



MUMFORD ( 1962) : An irreducible component of
Hills'"

-"( IP) is generically nonreduced .
( singular at every point) .
ELLIA -HIRSCHoWITZ-MEZZETTI ( 1992) : The
number of components of Hilbdt"

-

slip3) is not

bounded by a polynomial in d and g .

VAKIL( 2006) : Every singularity type appears
in some Hdb't 4) .



SMOOTH EXAMPLES :
• XcBnis a lay- t)-dimensional linearsubspace if
and only if aHI = ( ta! I') , so r -- I ⇒

Hi tbhRn)= GrGe- t, Ipn ) .
•Xclpn is a hypersurface of degree r if and only
if alt) =

.
IttIii ) , so A- Cnr) -- In , n . ... , n) ⇒

HitBHP
n ) = ypcrtnni - e .

• For all t such that trap . .our> I , Hi lb
't l Br)

is simply a partial flag variety



THEOREM (Skjelnes-Smith) : Hilbtllpn) is smooth
ifandonlyif one of following holds :

← lol nE2 ,

g
EIHT Ar> 2,

• E (2) A-CI) ort-lnr-2.ir
.# 1) where r32Effie (3) fI9nI¥{¥¥ ,
1) whereas>snogs§ -f and n- I> Xr-s-273 ,

it F - (4) f- (nr-s-5,2514, f) where r-53570,
E-(5) f- ( ri-3,13 ) where r>3 .



DEFINITIONS: An inclusion YCX is residual if
there exists a linear subspace Helpnanda
hypersurface DEA suchthat DEXeA- and
Ix = IyaID (X= Yu D ) . A residual flag is

a chain 0axe c Xe-ta ." c XL of such inclusions.
THEOREM : Points is a smooth Hitbat Rn) satisfying
list -I5) correspond to either a residual flag
or the union of a residual flag and a point .


