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Abstract. We classify the three-dimensional lattice polytopes with two interior lattice points. Up to
unimodular equivalence there are 22,673,449 such polytopes. This classification allows us to verify, for
this case only, a long-standing conjectural upper bound for the volume of a lattice polytope with interior
points, and provides strong evidence for new conjectural inequalities on the coefficients of the Ehrhart
δ-polynomial in dimension three.

1. Introduction

We begin by fixing our notation. A lattice polytope P Ă Zd bZ R – Rd is the convex hull of finitely
many points in Zd . The set of vertices of P is denoted by vertpPq, the relative boundary by BP, and
the relative (strict) interior by P˝. The polytope P is said to be a k-point polytope if |P˝ X Zd | “ k. A
0-point polytope is called hollow. Two lattice polytopes P,Q Ă Rd are said to be unimodular equivalent
if there exists an affine lattice automorphism ϕ P GLdpZq n Zd of Zd such that ϕRpPq “ Q, and we
will typically consider polytopes only up to unimodular equivalence. Although a lattice polytope P
need not be of full dimension, we will assume that dimpPq “ d unless stated otherwise; if we need to
emphasise that dimpPq “ n we will refer to P as an n-polytope.

Much work has focused on developing explicit classifications of lattice polytopes. Perhaps the
most celebrated example is the classification of all 473,800,776 four-dimensional reflexive polytopes (a
special class of 1-point lattice polytopes) by Kreuzer–Skarke [22]. This classification was motivated by
applications in theoretical physics and string theory, and to the study of smoothCalabi–Yaumanifolds.
Motivated by questions in algebraic geometry, all 674,688 three-dimensional 1-point lattice polytopes
were classified in [19]; thesepolytopes correspond to the toric Fano threefoldshavingatworst canonical
singularities. Another special class of 1-point lattice polytopes important in toric geometry are the
smooth Fano polytopes. These have been classified up to dimension nine: in dimension three by
Batyrev [4] andWatanabe–Watanabe [33], in dimension four by Batyrev [5] and Sato [26], in dimension
five by Kreuzer–Nill [21], and finally an efficient algorithm for arbitrary dimensions was described
by Øbro [24]. More recently, Blanco–Santos have classified those three-dimensional lattice polytopes
with |P X Z3| ď 11 and lattice width at least two [8–10].

The 2-point lattice polygons (that is, the two-dimensional polytopes with |P˝ X Z2| “ 2) were
classified by Wei–Ding [34]. In this paper we derive a complete classification of all 2-point three-
dimensional polytopes; the classification is summarised in the following theorem:

Theorem 1.1. Up to unimodular equivalence there are exactly 22,673,449 2-point three-dimensional lattice
polytopes. Of these, 471 are simplices and 162,479 are simplicial. The simplex

S3
2 “ convtp0, 0, 0q, p2, 0, 0q, p0, 3, 0q, p0, 0, 18qu

is the unique polytope maximising the volume. This same simplex also uniquely maximises both the boundary
volume and number of lattice points, with

Vol
`

S3
2
˘

“ 108, Vol
`

BS3
2
˘

“ 102, and |S3
2 X Z

3| “ 55.

The maximum number of vertices, edges, and facets are, respectively, 18, 30, and 18. After translating an
interior lattice point to the origin, the largest dual volume is obtained by the 2-point polytope

P “ convtp´1,´1,´1q, p0,´1,´1q, p´1, 0,´1q, p7, 7, 8qu, with VolpP˚q “ 243{2.
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In addition to being interesting in its own right, the classification of 2-point three-dimensional
polytopes is useful when studying Ehrhart theory. We explain why this is important in §1.2; loosely
speaking, the Ehrhart theory of hollow three-dimensional polytopes is well understood, however
the case of k-point lattice polytopes (k ě 1) remains open. In §6 we formulate two new conjectural
inequalities based on the classifications of 1- and 2-point polytopes (see Conjecture 6.1). If true, these
inequalities would prove a long-standing conjectural bound on the maximum volume of a k-point
polytope in three dimensions (see Conjecture 1.5).

We briefly mention an important possible application of this classification to algebraic geometry.
Let P be a 2-point polytope and, after possible translation, assume that the origin is one of the two
interior lattice points. Assume further that the vertices vertpPq of P are primitive. Then P corresponds
to a three-dimensional projective toric variety XP whose fan is given by the cones spanning the faces
of P. This variety is Fano and has log-terminal singularities. Recent progress in Mirror Symmetry
for Fano varieties [13] suggests that many (not necessarily toric) terminal Fano threefolds X will
haveQ-Gorenstein degenerations to log-terminal toric Fano varieties XP . The classification of 2-point
polytopes provides a source of possible toric Q-Gorenstein degenerations. This opens the possibility
of analysing the candidate terminal Fano threefolds of Altınok–Brown–Reid [1] via techniques from
Mirror Symmetry: by matching the Hilbert series of a candidate terminal Fano threefold X with that
of XP , where P is a 2-point polytope, one could attempt to exhibit the existence (or otherwise) of X.

1.1. Ehrhart theory. Let P be a full-dimensional lattice polytope in Zd . The function LPpkq :“
|kP X Zd | counting the number of lattice points in the k-th dilation of P, k P Zě0, is given by a
polynomial in k of degree d called the Ehrhart polynomial of P [14]. An important open problem is
to determine which degree d polynomials correspond to Ehrhart polynomials. Associated with the
Ehrhart polynomial is a rational function whose Taylor expansion gives a generating series for LP :

ÿ

kě0
LPpkqtk “

δptq
p1´ tqd`1 .

Here δptq “ δ0 ` δ1t ` ¨ ¨ ¨ ` δd td is a polynomial of degree at most d with integer coefficients called
the Ehrhart δ-polynomial (or h˚-polynomial) of P. It is often convenient to identify the δ-polynomial
with the vector of its coefficients pδ0 , δ1 , . . . , δdq, which is called the Ehrhart δ-vector (or h˚-vector) of
P. We refer to [6] for additional background material.

Question 1.2. For each d, is it possible to characterise those vectors pδ0 , δ1 , . . . , δdqwhich are δ-vectors
for some d-dimensional lattice polytope?

Although characterising the Ehrhart polynomials LP or the δ-vectors are equivalent problems, the
δ-vectors have a better understood combinatorial interpretation. Ehrhart [14] showed that:

δ0 “ 1, δ1 “ |P X Z
d | ´ d ´ 1 ě |P˝ X Z

d | “ δd ,
d
ÿ

i“0
δi “ VolpPq. (1.1)

HereVolpPq “ d! volpPq is thenormalised volumeof the polytopeP. If S Ă Rd is a d-dimensional simplex
with vertices tv0 , . . . , vdu, then δk counts the number of lattice points in the half-open parallelepiped

ΠpSq :“

#

d
ÿ

i“0
λip1, viq

ˇ

ˇ

ˇ 0 ď λi ă 1

+

Ă R
d`1

having first coordinate equal to k. This can be generalised to polytopes using the half-open trian-
gulations approach of Köppe–Verdoolaege [20]. As a consequence, the δ-vectors have non-negative
entries (a result originally due to Stanley [28] using techniques from commutative algebra).

In two dimensions the answer to Question 1.2 was first given by Scott [27]:

Theorem 1.3. The vector with integer entries p1, δ1 , δ2q is the δ-vector of a two-dimensional lattice polygon if
and only if one of the following conditions holds:

(i) δ2 “ 0; or (ii) 0 ă δ2 ď δ1 ď 3δ2 ` 3; or (iii) p1, δ1 , δ2q “ p1, 7, 1q.
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In case (iii) the polygon is unimodular equivalent to 3∆2, the third dilation of the standard simplex

∆2 :“ convtp0, 0q, p1, 0q, p0, 1qu.

Although the answer to Question 1.2 in higher dimensions remains open, several inequalities on
the entries of the δ-vector are known [7,17,29–31]. Of particular relevance is a result due to Hibi [18]:
if P is not hollow then

1 ď δ1 ď δi for i “ 2, . . . , d ´ 1. (1.2)
In arbitrary dimension, one of the most interesting challenges is to bound the volume VolpPq

of a lattice polytope P in terms of the number of interior points |P˝ X Zd |, or equivalently, bound
δ1 ` ¨ ¨ ¨ ` δd´1 in terms of δd . This is of course not possible if P is hollow; for example, the hollow
triangle convtp0, 0q, pm , 0q, p0, 1qu has volume m and so can be made arbitrarily large. In the case
when P is not hollow, the first general result was proven by Hensley [16], and later improved upon by
Lagarias–Ziegler [23] and Pikhurko [25]:

Theorem 1.4. Let P be a d-dimensional k-point polytope, k ě 1. Then:

VolpPq ď d! ¨ p8dqd ¨ 15d¨22d`1
¨ k (1.3)

The bound in Theorem 1.4 appears to be far from sharp. With this inmind, Zaks–Perles–Wilkes [35]
defined the d-dimensional simplex

Sd
k :“ convt0, s1e1 , . . . , sd´1ed´1 , pk ` 1qpsd ´ 1qedu, where k ě 1. (1.4)

Here psiqiPZě1 is the Sylvester sequence

s1 “ 2, si “ s1 ¨ ¨ ¨ si´1 ` 1.

It is reasonable to conjecture that, for fixed d and k, the simplex Sd
k maximises the volume amongst all

k-point d-dimensional polytopes. Hints of this conjecture can be tracked back to [35], [16] and [23].

Conjecture 1.5. Fix d ě 3 and k ě 1. A k-point d-dimensional lattice polytope P satisfies

VolpPq ď pk ` 1qpsd ´ 1q2. (1.5)

With the exception of the case when d “ 3, k “ 1, this inequality is an equality if and only if P “ Sd
k .

The two-dimensional case is not included in Conjecture 1.5; here the volume bound follows from
Theorem 1.3 and requires a different formulation. The case when d “ 3, k “ 1 has been addressed
in [19]: in addition to S3

1, the maximum volume of 72 is also attained by the simplex

convtp0, 0, 0q, p2, 0, 0q, p0, 6, 0q, p0, 0, 6qu.

Averkov–Krümpelmann–Nill [2] prove a “simplicial” version of Conjecture 1.5 when k “ 1: Sd
1 is the

unique simplex with maximum volume among all 1-point d-dimensional simplices, d ě 4. A “dual”
version of Conjecture 1.5 when k “ 1 is proved in [3] and, as a consequence, Conjecture 1.5 is true
when one considers only reflexive polytopes.

1.2. Dimension three. It makes sense to consider Question 1.2 in the first unsolved case, the three-
dimensional one. Treutlein [32, Theorem 2] generalises Theorem 1.3 to polytopes of degree two, i.e. to
polytopes whose δ-polynomial has degree two. Such polytopes are necessarily hollow. Henk–Tagami
show that this generalisation is sufficient [15, Proposition 1.10], giving the following characterisation:

Theorem 1.6. The vector with integer entries p1, δ1 , δ2q is the δ-vector of a hollow three-dimensional lattice
polytope if and only if one of the following conditions holds:

(i) δ2 “ 0; or (ii) 0 ď δ1 ď 3δ2 ` 3; or (iii) p1, δ1 , δ2q “ p1, 7, 1q.

The next natural step is to consider three-dimensional lattice polytopes with interior points, i.e
such that |P˝ X Z3| “ δ3 ą 0. In this case Lagarias–Ziegler [23] tell us that, for fixed δ3, there are
only finitely many pairs pδ1 , δ2q such that p1, δ1 , δ2 , δ3q is the δ-vector of a three-dimensional lattice
polytope. The inequalities (1.1), (1.2), and (1.3) give:

δ3 ď δ1 ď δ2 (1.6)
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(a) (b) (c) (d) (e)

Figure 1. The five 1-point lattice triangles. The corresponding weights are p1, 1, 1q, p1, 1, 2q,
p1, 2, 3q, p1, 1, 2q, and p1, 1, 1q.

VolpPq ď 3! ¨ 243 ¨ 153¨27
¨ δ3 « 21517 ¨ δ3 (1.7)

Although other bounds are known for the δ-vectors of special families of lattice polytopes, inequal-
ities (1.6) and (1.7) summarise the current state of knowledge for the general case. Note that (1.6) is
sharp: the polytope convtp´1,´1,´1q, p1, 0, 0q, p0, 1, 0q, p0, 0,mqu has δ-vector p1,m ,m ,mq. Inequal-
ity (1.7), however, is presumed to be far from sharp: Conjecture 1.5 gives the expected bound

VolpPq ď 36pδ3 ` 1q. (1.8)

Organisation of the paper. The classification of the 2-points polytopes is achieved via a generalisation
of the inductive algorithm [19] used to classify the 1-point polytopes. It is necessary to classify two
families of lattice polytopes.

(i) In §§2–3 we classify the 1- and 2-point simplices of dimension at most three; the weights of
these simplices will be used in the inductive step of the algorithm.

(ii) In §4we describe all three-dimensional lattice polytopes satisfying aminimality condition (see
Definition 4.1); these minimal polygons form the base case of the algorithm.

In §5 we show the validity of the algorithm and describe the results of the classification, comparing
themwith other known classifications. In §6 we analyse the data gathered and sketch the distribution
of the δ-vectors of 1- and 2-point three-dimensional polytopes, comparing them with the inequalities
of §1.2

2. Classification of one- and two-point triangles

Let S be a lattice simplex with vertpSq “ tv0 , . . . , vdu such that 0 P S˝. We say that S has weights
pλ0 , . . . , λdq P Z

d`1
ą0 if

λ0v0 ` ¨ ¨ ¨ ` λd vd “ 0.
Since weights are unique up to scalar multiplication and reindexing, it is convenient to normalise
them by requiring gcdtλ0 , . . . , λdu “ 1 and λ0 ď ¨ ¨ ¨ ď λd . Let Wd ,k denote the set of (normalised)
weights for all k-point d-dimensional simplices. Trivially

W1,1 “ tp1, 1qu and W1,2 “ tp1, 2qu.

The five 1-point lattice triangles (depicted in Figure 1) give

W2,1 “ tp1, 1, 1q, p1, 1, 2q, p1, 2, 3qu.

Lemma 2.1. There are five 2-point lattice triangles, up to unimodular equivalence. These are depicted in
Figure 2. After translating each of the two interior points to the origin, there are eight possible weights:

W2,2 “ tp1, 1, 1q, p1, 1, 3q, p1, 2, 2q, p1, 1, 4q, p1, 2, 3q, p1, 3, 4q, p1, 4, 5q, p2, 3, 5qu.

Proof. Let S “ convtv1 , v2 , v3u be a triangle with two interior lattice points o1 and o2. The triangle
∆ :“ convto1 , o2 , v1u is unimodular, so without loss of generality we may take o1 “ p0, 0q, o2 “ p1, 0q,
and v1 “ p0, 1q. We rule out the possible lattice points for the remaining two vertices v2 and v3.
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(a) (b) (c) (d) (e)

Figure 2. The five 2-point lattice triangles, up to unimodular equivalence.

If v2 is contained in any of the dark grey regions of Figure 3, than it is not possible to choose any
position for v3 such that S contains o1 and o2 in its strict interior. We therefore exclude those regions.
Any remaining lattice points u R ∆define a cone of possible points u1 such that convp∆Y tu1uq contains
u in its interior. We can exclude all the points which are in the (strict) interior of any of these cones;
in Figure 3 the excluded points are contained in the interior of the light grey regions. Since one of
the vertices of S must be below the line passing through o1 and o2, so there are only finitely many
candidates for this vertex. As a consequence we obtain finitely many ways to choose the third vertex,
and therefore S. After eliminating duplicates given by unimodular transformations we obtain five
possible triangles with two interior lattice points. By choosing either o1 or o2 as the origin, we obtain
the list W2,2 of weights. �

o1 o2

v1

Figure 3. A proof of Lemma 2.1. The lattice points with a white circle are possible choices for
v2 and v3.

3. Classification of one- and two-point tetrahedra

We now consider three-dimensional simplices. The weights of W3,1 are already known, and are
listed in [19, Table 3]. There are 104 distinct weights, corresponding to 225 1-point tetrahedra. To find
W3,2 we classify the 2-point tetrahedra1. First we prove that each such tetrahedron S decomposes in
two (possibly lower-dimensional) 1-point simplices; from this we construct all possible S.

1In a personal communication, Christian Haase informs us that Noleen Köhler calculated an unpublished classification of
the 2-point tetrahedra. Köhler made use of conjectural bounds on the volume, and then iterated over all possible Hermite
normal forms up to that volume.
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o2
o1

uk

Figure 4. The position of the k-dimensional simplex S1 (in this case, k “ 1) with respect to
the tetrahedron S2 is determined after choosing a subset of the vertices of S2. The 2-point
tetrahedron S “ convpS1 Y S2q is determined (up to unimodular equivalence) by this choice.

Lemma 3.1. Each 2-point tetrahedron S, with S˝ X Z3 “ to1 , o2u, can be written as

S “ convpS1 Y S2q,

where S1 and S2 are two (possibly lower-dimensional) 1-point lattice simplices satisfying:
(i) o2 P vertpS1q and o1 P vertpS2q;
(ii) S1

˝
X Z3 “ to1u and S2

˝
X Z3 “ to2u;

(iii) |vertpS1q X vertpS2q| “ dimpS1q ` dimpS2q ´ 4.

Proof. Consider the line passing through o1 and o2. This line intersects BP in two distinct points q1 and
q2. Label these points so that o1 lies on the line segment joining q1 and o2. Let F1 and F2 be the faces
of P of smallest possible dimension containing q1 and q2, respectively. Define S1 “ convpF1 Y to2uq

and S2 “ convpF2 Y to1uq. By construction S1 and S2 satisfy the hypothesis. �

Fix a decomposition of S with dimpS1q ď dimpS2q. Then one of two possibilities holds:
(A) dimpS2q “ 3; or (B) dimpS1q “ dimpS2q “ 2.

Note that dimpS1q “ 1 and dimpS2q ď 2 is impossible; for example, convpS1 Y S2q would have
dimension at most two. We now describe how to systematically construct all 2-point tetrahedra.

Possibility A.

Begin by fixing the vertices tv0 , v1 , v2 , v3u of a 1-point tetrahedron S2 with unique interior point o2,
along with the dimension 1 ď k ď 3 and weights pλ0 , . . . , λkq P Wk ,1 for a 1-point simplex S1. We
will assume that S1 and S2 form a decomposition of a 2-point tetrahedron S “ convpS1 Y S2q as in
Lemma 3.1, and either derive all possible vertices tu0 , . . . , uku for S1 (and hence S), or deduce that the
choice of weights pλ0 , . . . , λkq is incompatible with S2.

Since dimpS2q “ 3, so k ´ 1 vertices of S1 are in common with vertpS2q, with the remaining
two vertices of S2 given by o2 P S2

˝ and by uk R S2 (which we will determine). Furthermore, the
unique interior lattice point o1 P S1

˝ is a vertex of S2. This is illustrated in Figure 4. Pick a subset
ti1 , . . . , ik´1u Ă t0, 1, 2, 3u, i1 ă ¨ ¨ ¨ ă ik´1, an element i0 P t0, 1, 2, 3uzti1 , . . . , ik´1u, and set

u0 “ o2 , u1 “ vi1 , . . . , uk´1 “ vik´1 , and o1 “ vi0 .

Let τ P Sympk ` 1q be a permutation of the integers t0, . . . , ku, and set

uk “ o1 ´
1

λτpkq

k´1
ÿ

j“0
λτp jqpu j ´ o1q.

If uk P Z3 we then check whether S “ convtv0 , v1 , v2 , v3 , uku is a 2-point tetrahedron. By iterating
over all subsets ti1 , . . . , ik´1u, choices for i0, and permutations τ P Sympk ` 1q, we will construct all
possible 2-point tetrahedra S (not necessarily distinct with respect to unimodular equivalence) that
can be obtained from S2 and a 1-point k-simplex S1 with weights pλ0 , . . . , λkq.

Remark 3.2. The relative interiors of the faces of S1 having o2 as a vertex (similarly, those faces of S2
having o1 as a vertex) are in the (strict) interior of the 2-point simplex S. Hence we can insist that S1
has at least one vertex v such that all the faces of S1 containing v have no lattice points in their relative
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interiors. Similarly for S2. Out of the five 1-point triangles only two satisfy this property, whilst out
of the 225 1-point tetrahedra only 63 satisfy this property. This dramatically reduces the number of
simplices needed to be considered.

Possibility B.

We now handle the possibility that dimpS1q “ dimpS2q “ 2. In this case, S1 and S2 have no vertices in
common. Let ∆p1,1,1q and ∆p1,1,2q denote the triangles (a) and (b) of Figure 1, respectively.

Lemma 3.3. Let S be a 2-point tetrahedron decomposing in two 1-point triangles. Then, up to unimodular
equivalence, we have that S1 is either

convtp1, 0, 0q, p0, 1, 0q, p´1,´1, 0qu or convtp2, 1, 0q, p0, 1, 0q, p´1,´1, 0qu.

Moreover, if v “ pa , b , cq is one of the two vertices of S2 distinct from o1, we have that 0 ď a ď b ă c ď 7.

Proof. We use the notation introduced in the proof of Lemma 3.1, and take o1 “ 0 to be the origin of
the lattice. Let v1 and v2 be the endpoints of the edge F1, and let v3 and v4 be the endpoints of the
edge F2, so that S1 “ convtv1 , v2 , o2u and S2 “ convtv3 , v4 , o1u. As observed in Remark 3.2, S1 and S2
can have non-vertex boundary lattice points only on the edges F1 and F2, respectively. Since the only
1-point lattice triangles not having lattice points in the relative interior of at least two edges are ∆p1,1,1q
and ∆p1,1,2q, this implies the first part of the statement. For the second part, we consider three cases:

(a) S1 “ S2 “ ∆p1,1,1q; (b) S1 “ ∆p1,1,1q, S2 “ ∆p1,1,2q; (c) S1 “ S2 “ ∆p1,1,2q.

Case (a) S1 “ S2 “ ∆p1,1,1q.
Suppose that v1 “ p1, 0, 0q, v2 “ p0, 1, 0q, and o2 “ p´1,´1, 0q. Let a , b , c P Z be such that v3 “ pa , b , cq.
By applying a suitable unimodular transformation we can assume that

0 ď a ď b ă c , (3.1)

where the second inequality canbe assumed thanks to the symmetryof thefirst and second coordinates
of the vertices of S1. The choice of v3 fixes v4, and a trivial calculations shows that

v4 “ p´3´ a ,´3´ b ,´cq.

We now find conditions on a , b , c by excluding situations which give rise to interior lattice points for
S distinct from o1 and o2. Notice that the lattice point p1, 1, 1q can be written as

1
c pa , b , cq `

c´a
c p1, 0, 0q `

c´b
c p0, 1, 0q `

a`b´c´1
c p0, 0, 0q.

Since the numerators 1, c ´ a, and c ´ b are positive, we require a ` b ´ c ´ 1 ď 0, otherwise p1, 1, 1q
would be an interior point of S. Hence

c ě a ` b ´ 1. (3.2)
Similarly the lattice point p0, 1, 1q, which can be written as

1
c pa , b , cq `

a
c p´1,´1, 0q ` c`a´b

c p0, 1, 0q ` b´2a´1
c p0, 0, 0q,

is in S˝ if and only if b ´ 2a ´ 1 ě 0. Therefore

b ă 2a ` 1. (3.3)

Finally, since we can write p´1,´1,´1q as
1
c p´3´ a ,´3´ b ,´cq ` c´a´3

c p´1,´1, 0q ` b´a
c p0, 1, 0q `

2a´b`2
c p0, 0, 0q,

so this is a point in P˝ if and only if c ´ a ´ 3 ě 0. Since 2a ´ b ` 2 ą 0 by (3.3), so we require that

c ă a ` 3. (3.4)

From (3.1), (3.2), and (3.4), we obtain the bounds 0 ď a ď b ă c ď 5.

Case (b) S1 “ ∆p1,1,1q, S2 “ ∆p1,1,2q.
As in the previous case we suppose that v1 “ p1, 0, 0q, v2 “ p0, 1, 0q, o2 “ p´1,´1, 0q, and v3 “ pa , b , cq
for some integers a, b, and c satisfying (3.1). In this case

v4 “ p´4´ a ,´4´ b ,´cq.
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Note that (3.2) and (3.3) still hold. Moreover, since p´1,´1,´1q can be written as
1
c p´4´ a ,´4´ b ,´cq ` c´a´4

c p´1,´1, 0q ` b´a
c p0, 1, 0q `

2a´b`3
c p0, 0, 0q,

this is a point in S˝ if and only if c ´ a ´ 4 ě 0. By (3.3) we have that 2a ´ b ` 3 ą 0, therefore

c ă a ` 4. (3.5)

From (3.1), (3.2), and (3.5), we obtain the bounds 0 ď a ď b ă c ď 7.

Case (c) S1 “ S2 “ ∆p1,1,2q.
In this case, we suppose that v1 “ p2, 1, 0q, v2 “ p0, 1, 0q, o2 “ p´1,´1, 0q, and v3 “ pa , b , cq for some
integers a, b and c satisfying

0 ď a , b ă c. (3.6)
In this case v4 “ p´4´ a ,´4´ b ,´cq. Suppose for a contradiction that b ă a. The lattice point

p0, 1, 1q “ 1
c pa , b , cq `

a
c p´1,´1, 0q ` a´b

c p0, 1, 0q `
c´2a`b´1

c p0, 0, 0q

is in S˝ if and only if c ´ 2a ` b ´ 1 ě 0. Therefore

c ă 2a ´ b ` 1. (3.7)

The point p´1, 0,´1q can be written as
1
c p´4´ a ,´4´ b ,´cq ` c´a´4

c p´1,´1, 0q ` c`b´a
c p0, 1, 0q ` 2a´b´c`3

c p0, 0, 0q,

and this is in S˝ if and only if 2a´ b´ c` 3 ě 0. Hence c ą 2a´ b` 3, contradicting (3.7). Thus a ď b,
and we see that (3.3) and (3.5) hold for this case. Furthermore, p´1,´1, 1q is equal to

1
c p´4´ a ,´4´ b ,´cq ` a´c`4

2c p2, 1, 0q ` 2b´a´c`4
2c p0, 1, 0q ` 2c´b´5

c p0, 0, 0q,

and this is in S˝ if and only if a ´ c ` 4 ě 0, 2b ´ a ´ c ` 4 ě 0, and 2c ´ b ´ 5 ą 0. Notice that
a´ c`4 ą 0 by (3.5), hence either 2b´ a´ c`4 ě 0 or 2c´ b´5 ą 0 must fail to hold. If 2c´ b´5 ď 0
we have 2c ă c ` 5, hence c ď 4. Conversely, suppose that 2b ´ a ´ c ` 4 ă 0. In this case the lattice
point p1, 1, 1q can be expressed as

1
c pa , b , cq `

c´a
2c p2, 1, 0q `

a´2b`c
2c p0, 1, 0q ` b´1

c p0, 0, 0q.

By hypothesis, a ´ 2b ` c ą 0, so b ´ 1 has to be non-positive in order for p1, 1, 1q R S˝. By (3.5) we
obtain c ď 4. Hence we have the bounds 0 ď a ď b ă c ď 4. �

Possibility A gives rise to 460 2-point tetrahedra (distinct up to unimodular equivalence). Possibil-
ity B gives rise to an additional 11 2-point tetrahedra. We obtain:

Theorem 3.4. There are 471 2-point tetrahedra, up to unimodular equivalence. After translating each of the
two interior points to the origin, there are 548 possible weights. These weights are listed in Table 5 on page 13.

4. Minimal polytopes in dimension three

In this sectionwe consider those 1- or 2-point three-dimensional lattice polytopeswhich areminimal
under inclusion. These polytopes form the “seeds” from which the classification of 2-point polytopes
will be “grown” in §5.

Definition 4.1. We say that a d-dimensional lattice polytope P is minimal if P is not hollow and, for
each vertex v of P, the polytope conv

`

P X Zdztvu
˘

is hollow.

Proposition 4.2. Let P be a minimal three-dimensional polytope. Then P is either a minimal 1-point polytope
or a non-hollow tetrahedron whose interior points lie on a line.

Proof. We will show that each non-hollow three-dimensional polytope P contains either a minimal
1-point polytope, or a non-hollow tetrahedron whose interior points lie on a line. Since the statement
is trivial for 1-point polytopes, we suppose that |P˝ X Z3| ě 2. Let o1 , o2 P P˝ X Z3 be two interior
lattice points such that the line segment with end-points o1 and o2 contains no interior lattice points.
Let ` be the line passing through o1 and o2, and let q1 , q2 P ` X BP be the points of intersection of `
with the boundary of P. We label q1 and q2 such that o1 lies between q1 and o2.
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Vertices Interior Points

p0, 0, 0q, p1, 0, 0q, p0, 1, 0q, p5, 5, 8q p1, 1, 1q, p2, 2, 3q
p0, 0, 0q, p1, 0, 0q, p0, 1, 0q, p6, 9, 10q p1, 1, 1q, p2, 3, 3q
p0, 0, 0q, p1, 0, 0q, p0, 1, 0q, p5, 7, 24q p1, 1, 3q, p2, 3, 9q
p0, 0, 0q, p1, 0, 0q, p0, 2, 0q, p5, 2, 6q p1, 1, 1q, p2, 1, 2q
p0, 0, 0q, p1, 0, 0q, p0, 2, 0q, p5, 2, 12q p1, 1, 2q, p2, 1, 4q

Table 1. The five minimal 2-point tetrahedra, up to unimodular equivalence.

Project P via a map π onto a plane orthogonal to `. Then πpPq is a polygon in the lattice πpZ3q – Z2

with o :“ πpo1q “ πpo2q P πpPq˝. Progressively eliminate vertices of πpPq, moving to the convex
hull of the remaining lattice points. Eventually we obtain a minimal polygon Q containing o as the
unique interior lattice point. This minimal polygon Q is either a triangle or a quadrilateral whose
diagonals intersect in o (see [19, Corollary 2.3]). Denote these two possibilities by 4 (the case when Q
is a triangle) and � (the case when Q is a quadrilateral). Before considering these two possibilities,
we fix some notation: if v and w are two points in R3, we denote by rv , ws, rv , wq, pv , ws, and pv , wq
the intervals convtv , wu, convtv , wuztwu, convtv , wuztvu, and convtv , wuztv , wu, respectively.

4 If Q is a triangle, there exist (at least) three lattice points of P such that their image under π
are the vertices of Q. Let T be the the lattice triangle in Z3 given by taking the convex hull of
these three points. By construction T intersects ` at one point p P T˝. Up to exchanging the
roles of o1 and o2, there are two possibilities:
4.1 If p P rq1 , o1q then convpT Y to2uq is a tetrahedron with at least one interior lattice point.
4.2 If p P ro1 , o2q then there are two sub-cases:
4.2.1 If po2 , q2q XZ3 “ H, let F be the smallest-dimensional face of P containing q2. Then

convpT Y Fq is a 1-point polytope.
4.2.2 If o3 P po2 , q2q X Z3 then convpT Y to3uq is a tetrahedron with at least one interior

lattice point.
� If Q is a quadrilateral, each of the two pairs of non-adjacent vertices is collinear with o. By

pulling back the vertices of Q via π, we find four vertices of P that can be split into two pairs,
each pair coplanar with `. Let E1 and E2 be the edges connecting each of the pairs of vertices,
and let p1 and p2 the respective intersection with `. Without loss of generality there are three
distinct configurations to consider:
�.1 If p1 P rq1 , o1q and p2 P rq1 , o1s then either convpE1 Y E2 Y to2uq is a 1-point polytope, or

convpE1 Y E2q is a tetrahedron with at least one interior lattice point.
�.2 If p1 P ro1 , o2q and p2 P ro1 , o2s then there are two sub-cases:

�.2.1 If po2 , q2q XZ3 “ H, let F be the smallest-dimensional face of P containing q2. Then
convpE1 Y E2 Y Fq is a 1-point polytope.

�.2.2 If po2 , q2q X Z3 is not empty, choose o3 P po2 , q2q X Z3 to be the closest lattice point
to o2. Then convpE1 Y E2 Y to3uq is a 1-point polytope.

�.3 If p1 P rq1 , o1q and p2 P po1 , q2s then convpE1 Y E2q is a tetrahedron with at least one
interior lattice point. �

A consequence of Proposition 4.2 is that a three-dimensional 2-point polytope will always contain
either a three-dimensional 1-point polytope or a 2-point tetrahedron. The minimal 1-point polytopes
were classified in [19]. The minimal 2-point tetrahedra are listed in Table 1.

5. Classification of two-point polytopes in dimension three

In this section we describe the algorithm used to generate the classification of three-dimensional
2-point polytopes. The algorithm is essentially inductive, starting with a “seed” of minimal 1-point
polytopes and minimal 2-point tetrahedra. The inductive step corresponds to “growing” the known
polytopes by successive addition of vertices. We show that, subject to the requirement that there are
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Algorithm 1: Classifying the three-dimensional 1- and 2-point polytopes.
Data: The set P of all minimal three-dimensional 1-point polytopes and all minimal 2-point

tetrahedra. The sets Wd ,k , for k “ 1, 2 and d “ 1, 2, 3, of possible weights for the k-point
d-dimensional simplices.

Result: The set B of three-dimensional 1- and 2-point polytopes.
AÐ P
B ÐH

while A ‰ H do
P Ð RandomElementpAq
∆Ð RandomTriangulationpBPq
for F P ∆ do

n Ð dimpFq ` 1
tv1 , . . . , vnu Ð vertpFq
for λ PWn ,1 YWn ,2 do

for τ P Sympn ` 1q do
v Ð ´ 1

λτp0q

řn
i“1 λτpiqvi

if v P Z3 then
Q Ð convpP Y tvuq
if |Q˝ X Z3| ď 2 then

if Q R B (up to unimodular equivalence) then
AÐ AY tQu

AÐ AztPu
B Ð B Y tPu

no more than two interior lattice points, there are only finitely many ways to grow a polytope. Of
course, the fact that there are a finite number of unimodular equivalence-classes of polytopes with
a fixed non-zero number of interior lattice points is well-known [23]. Nevertheless, in the proof of
Proposition 5.1 below we describe an algorithmic approach to obtain a complete list of such classes.

Proposition 5.1. Let K be a positive integer, and P be d-dimensional polytope in Zd with 1 ď |P˝ X Zd | ď K.
Then the set

S :“
!

v P Zd
ˇ

ˇ

ˇ |convpP Y tvuq˝ X Z
d | ď K

)

is finite.

Proof. We prove that S is a subset of a finite setR. Let o P P˝ X Zd be one of the interior lattice points
of P; without loss of generality we may assume that o “ 0 is equal to the origin of the lattice. Fix a
triangulation of BP obtained without introducing new vertices. Let F be any pn´1q-dimensional non-
empty face of the triangulation, and let tv1 , . . . , vnu denote the set of vertices of F. Let λ “ pλ0 , . . . , λnq

be a weight in
ŤK

k“1 Wn ,k , and let τ P Sympn ` 1q be a permutation of the integers t0, . . . , nu. Define

vF,o ,λ,τ :“ ´ 1
λτp0q

n
ÿ

i“1
λτpiqvi ,

and defineR to be the set of all points vF,o ,λ,τ such that vF,o ,λ,τ P Z
d , for all possible choices of τ, λ, o,

and F. Since there are only finitely many such choices, it follows that R is finite as well.
Let v P S. Excluding a finite number of lattice points, we may suppose that v R P. Let o P P˝ X Zd ,

and let ` be the line passing through o and v. The line ` intersects BP in two distinct points. Let
v1 P `XBP be the point of intersection furthest from v, and let F be the smallest face of the triangulation
of BP containing v1. Then S :“ convpF Y tvuq is a k-point lattice simplex of dimension n ď d, where
1 ď k ď K. By translating o to the origin, S has weights in Wn ,k . Hence v P R. �
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The proof of Proposition 4.2 is constructive, and allows us to classify all three-dimensional 2-point
polytopes. This is described in Algorithm 1, which we implemented in the computer algebra system
Magma [11]. Source code and output can be downloaded from [12]. The resulting classification is
summarised in Theorem 1.1. An immediate consequence of this classification is:

Corollary 5.2. Conjecture 1.5 holds when d “ 3 and k “ 2.

The results can be compared against existing classifications. Algorithm 1 produces an independent
check of the classification [19] of 1-point polytopes. The recent classification by Blanco–Santos [8–10]
of those three-dimensional polytopes having |P X Z3| ď 11 overlaps in part with the classification of
2-point polytopes; as stated in [10], where these two classifications intersect, they coincide. Table 2
summarises the maximum values of some common invariants; Tables 3 and 4 sketch the distribution
of 2-point polytopes with respect to volume and number of vertices.

Invariant Maximum Polytopes attaining maximum

Normalised volume 108 S3
2

Normalised boundary volume 102 S3
2

Number of lattice points 55 S3
2

Number of vertices 18 2 polytopes
Number of edges 30 2 polytopes
Number of facets 18 31 polytopes

Table 2. A summary of the maximum values amongst three-dimensional 2-point polytopes
for some common invariants.

10 20 30 40 50 60 70 80 90 100
0
2
4
6
8
¨105

Table 3. Distribution of three-dimensional 2-point polytopes by (normalised) volume. The
most common volume is 52, attained by 845,345 polytopes.

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
0

2

4

6
¨106

Table 4. Distribution of three-dimensional 2-point polytopes by number of vertices. The most
common number of vertices is 10, attained by 6,137,658 polytopes.

6. Distribution of the δ-vectors of three-dimensional polytopes

From the classifications of 1- and 2-point polytopes we can extract the possible δ-vectors, and
can compare their distribution with the known inequalities. In Figure 5 we plot all occurring pairs of
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coefficients pδ1 , δ2q of δ-vectors for one and two interior lattice points. Inequalities (1.6) and (1.7) of §1.2
define a bounded region of the plane in which such pairs can appear. We also plot inequalities (1.6)
and (1.8), i.e. δ3 ď δ1 ď δ2 and VolpPq ď 36pδ3 ` 1q.
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(a) Polytopes with one interior point
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110
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δ2

(b) Polytopes with two interior points

Figure 5. The coefficients pδ1 , δ2q of the three-dimensional 1- and 2-point polytopes. The pairs
pδ1 , δ2q attained by at least one simplex are denoted by ‚. Inequalities (1.6) are marked with
black lines, inequality (1.8) with a dashed black line.

Even assuming the conjectured volume inequality (1.8) to be true, all the pairs pδ1 , δ2q appear in
a much smaller region than the one delimited by (1.6) and (1.8). In particular, the δ-vector of the
maximal simplices S3

1 and S3
2, given by p1, 35, 35, 1q and p1, 51, 54, 2q respectively, acts as a bound for

the other δ-coefficients.
For all k ě 1, the number lattice points of the Zaks–Perles–Wilkes simplex S3

k has been calculated
in [35], and we know that |S3

k X Z3| “ 16k ` 23. Since the volume and the number of interior points
of S3

k are also known, we can compute their δ-vector: this is equal to p1, 16k ` 19, 19k ` 16, kq.

Conjecture 6.1. For any δ-vector p1, δ1 , δ2 , δ3q of a non-hollow three-dimensional polytope P, the
inequalities

δ1 ď 16δ3 ` 19 and δ2 ď 19δ3 ` 16
hold. Moreover, the first inequality is an equality if and only if P “ S3

δ3
.

Note that Conjecture 6.1 implies Conjecture 1.5 in dimension three.
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Table 5. The 548 distinct weights pλ0 , λ1 , λ2 , λ3q P W3,2 occurring for the 471 2-point tetra-
hedra. The weights are listed in order by the sum h “ λ0 ` λ1 ` λ2 ` λ3.

Weights h Weights h Weights h Weights h Weights h

p1, 1, 1, 1q 4 p1, 1, 1, 2q 5 p1, 1, 1, 3q 6 p1, 1, 2, 2q 6 p1, 1, 1, 4q 7
p1, 1, 2, 3q 7 p1, 2, 2, 2q 7 p1, 1, 1, 5q 8 p1, 1, 2, 4q 8 p1, 1, 3, 3q 8
p1, 2, 2, 3q 8 p1, 1, 1, 6q 9 p1, 1, 2, 5q 9 p1, 1, 3, 4q 9 p1, 2, 2, 4q 9
p1, 2, 3, 3q 9 p2, 2, 2, 3q 9 p1, 1, 2, 6q 10 p1, 1, 3, 5q 10 p1, 1, 4, 4q 10
p1, 2, 2, 5q 10 p1, 2, 3, 4q 10 p2, 2, 3, 3q 10 p1, 1, 2, 7q 11 p1, 1, 4, 5q 11
p1, 2, 3, 5q 11 p1, 3, 3, 4q 11 p2, 2, 3, 4q 11 p1, 1, 2, 8q 12 p1, 1, 3, 7q 12
p1, 1, 4, 6q 12 p1, 2, 3, 6q 12 p1, 2, 4, 5q 12 p1, 3, 3, 5q 12 p1, 3, 4, 4q 12
p2, 2, 3, 5q 12 p2, 3, 3, 4q 12 p1, 1, 5, 6q 13 p1, 2, 3, 7q 13 p1, 2, 4, 6q 13
p1, 3, 4, 5q 13 p2, 3, 3, 5q 13 p1, 1, 5, 7q 14 p1, 2, 3, 8q 14 p1, 2, 4, 7q 14
p1, 2, 5, 6q 14 p1, 3, 3, 7q 14 p1, 3, 4, 6q 14 p1, 4, 4, 5q 14 p2, 2, 3, 7q 14
p2, 3, 4, 5q 14 p1, 1, 3, 10q 15 p1, 1, 6, 7q 15 p1, 2, 3, 9q 15 p1, 2, 5, 7q 15
p1, 3, 4, 7q 15 p1, 3, 5, 6q 15 p1, 4, 5, 5q 15 p2, 2, 5, 6q 15 p2, 3, 3, 7q 15
p2, 3, 4, 6q 15 p2, 3, 5, 5q 15 p3, 3, 4, 5q 15 p1, 1, 6, 8q 16 p1, 2, 3, 10q 16
p1, 2, 5, 8q 16 p1, 2, 6, 7q 16 p1, 3, 4, 8q 16 p1, 3, 5, 7q 16 p1, 4, 4, 7q 16
p1, 4, 5, 6q 16 p2, 2, 5, 7q 16 p2, 3, 3, 8q 16 p2, 3, 4, 7q 16 p2, 3, 5, 6q 16
p3, 4, 4, 5q 16 p1, 2, 3, 11q 17 p1, 3, 5, 8q 17 p1, 4, 5, 7q 17 p2, 4, 5, 6q 17
p1, 1, 7, 9q 18 p1, 2, 3, 12q 18 p1, 2, 6, 9q 18 p1, 2, 7, 8q 18 p1, 3, 4, 10q 18
p1, 3, 5, 9q 18 p1, 3, 6, 8q 18 p1, 4, 4, 9q 18 p1, 4, 5, 8q 18 p1, 4, 6, 7q 18
p1, 5, 6, 6q 18 p2, 2, 5, 9q 18 p2, 3, 4, 9q 18 p2, 3, 5, 8q 18 p2, 3, 6, 7q 18
p2, 4, 5, 7q 18 p3, 4, 4, 7q 18 p3, 4, 5, 6q 18 p1, 3, 7, 8q 19 p1, 4, 5, 9q 19
p1, 5, 6, 7q 19 p2, 3, 5, 9q 19 p1, 1, 8, 10q 20 p1, 2, 5, 12q 20 p1, 2, 7, 10q 20
p1, 2, 8, 9q 20 p1, 3, 5, 11q 20 p1, 3, 6, 10q 20 p1, 4, 5, 10q 20 p1, 4, 6, 9q 20
p1, 5, 6, 8q 20 p2, 3, 5, 10q 20 p2, 3, 7, 8q 20 p2, 4, 5, 9q 20 p2, 5, 5, 8q 20
p2, 5, 6, 7q 20 p3, 3, 4, 10q 20 p3, 4, 5, 8q 20 p3, 4, 6, 7q 20 p3, 5, 5, 7q 20
p4, 4, 5, 7q 20 p4, 5, 5, 6q 20 p1, 3, 4, 13q 21 p1, 3, 7, 10q 21 p1, 4, 6, 10q 21
p1, 4, 7, 9q 21 p1, 5, 6, 9q 21 p1, 5, 7, 8q 21 p1, 6, 7, 7q 21 p2, 3, 5, 11q 21
p2, 3, 7, 9q 21 p2, 5, 6, 8q 21 p2, 5, 7, 7q 21 p3, 4, 5, 9q 21 p3, 4, 7, 7q 21
p3, 5, 6, 7q 21 p1, 2, 8, 11q 22 p1, 3, 7, 11q 22 p1, 4, 6, 11q 22 p1, 4, 7, 10q 22
p1, 6, 7, 8q 22 p2, 2, 7, 11q 22 p2, 3, 6, 11q 22 p2, 3, 7, 10q 22 p2, 4, 5, 11q 22
p2, 4, 7, 9q 22 p2, 5, 7, 8q 22 p3, 4, 4, 11q 22 p3, 4, 7, 8q 22 p4, 5, 6, 7q 22
p1, 4, 7, 11q 23 p1, 5, 6, 11q 23 p2, 3, 7, 11q 23 p2, 5, 7, 9q 23 p3, 4, 5, 11q 23
p3, 5, 7, 8q 23 p1, 2, 9, 12q 24 p1, 3, 4, 16q 24 p1, 3, 8, 12q 24 p1, 4, 7, 12q 24
p1, 4, 8, 11q 24 p1, 4, 9, 10q 24 p1, 5, 6, 12q 24 p1, 6, 7, 10q 24 p1, 6, 8, 9q 24
p2, 3, 5, 14q 24 p2, 3, 7, 12q 24 p2, 3, 8, 11q 24 p2, 5, 6, 11q 24 p2, 5, 8, 9q 24
p2, 6, 7, 9q 24 p3, 4, 5, 12q 24 p3, 4, 6, 11q 24 p3, 4, 8, 9q 24 p3, 5, 7, 9q 24
p3, 5, 8, 8q 24 p3, 6, 7, 8q 24 p4, 5, 6, 9q 24 p4, 5, 7, 8q 24 p1, 3, 10, 11q 25
p1, 5, 7, 12q 25 p1, 6, 7, 11q 25 p1, 6, 8, 10q 25 p1, 7, 8, 9q 25 p2, 5, 7, 11q 25
p3, 4, 5, 13q 25 p3, 4, 7, 11q 25 p3, 5, 8, 9q 25 p1, 2, 10, 13q 26 p1, 4, 8, 13q 26
p1, 5, 7, 13q 26 p2, 3, 8, 13q 26 p2, 4, 7, 13q 26 p2, 5, 6, 13q 26 p2, 5, 7, 12q 26
p2, 5, 8, 11q 26 p3, 4, 6, 13q 26 p4, 5, 6, 11q 26 p5, 6, 7, 8q 26 p1, 4, 9, 13q 27
p1, 5, 9, 12q 27 p1, 6, 7, 13q 27 p1, 7, 9, 10q 27 p2, 3, 5, 17q 27 p2, 3, 9, 13q 27
p2, 5, 7, 13q 27 p3, 4, 7, 13q 27 p3, 4, 9, 11q 27 p3, 5, 7, 12q 27 p3, 5, 8, 11q 27
p3, 7, 8, 9q 27 p4, 5, 7, 11q 27 p4, 6, 7, 10q 27 p1, 2, 11, 14q 28 p1, 3, 10, 14q 28
p1, 4, 9, 14q 28 p1, 5, 8, 14q 28 p1, 6, 7, 14q 28 p1, 7, 8, 12q 28 p1, 7, 9, 11q 28
p1, 8, 9, 10q 28 p2, 3, 7, 16q 28 p2, 3, 9, 14q 28 p2, 5, 7, 14q 28 p2, 5, 8, 13q 28
p2, 6, 7, 13q 28 p2, 7, 8, 11q 28 p2, 7, 9, 10q 28 p3, 5, 6, 14q 28 p3, 5, 7, 13q 28
p4, 5, 6, 13q 28 p4, 5, 7, 12q 28 p2, 7, 9, 11q 29 p3, 5, 8, 13q 29 p1, 2, 12, 15q 30
p1, 4, 10, 15q 30 p1, 5, 9, 15q 30 p1, 6, 8, 15q 30 p1, 6, 10, 13q 30 p1, 7, 10, 12q 30
p1, 8, 10, 11q 30 p2, 3, 5, 20q 30 p2, 3, 10, 15q 30 p2, 4, 9, 15q 30 p2, 5, 8, 15q 30
p2, 5, 9, 14q 30 p2, 5, 11, 12q 30 p2, 6, 7, 15q 30 p2, 7, 9, 12q 30 p2, 7, 10, 11q 30
p3, 4, 5, 18q 30 p3, 4, 8, 15q 30 p3, 5, 7, 15q 30 p3, 5, 8, 14q 30 p3, 5, 10, 12q 30

Continued on next page.
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Continued from previous page.

Weights h Weights h Weights h Weights h Weights h

p3, 8, 9, 10q 30 p4, 5, 6, 15q 30 p4, 5, 9, 12q 30 p4, 5, 10, 11q 30 p4, 6, 7, 13q 30
p5, 6, 9, 10q 30 p6, 7, 8, 9q 30 p3, 7, 10, 11q 31 p5, 6, 7, 13q 31 p1, 6, 9, 16q 32
p1, 7, 8, 16q 32 p1, 8, 9, 14q 32 p2, 3, 11, 16q 32 p2, 5, 9, 16q 32 p2, 7, 8, 15q 32
p3, 5, 8, 16q 32 p3, 8, 10, 11q 32 p4, 5, 7, 16q 32 p4, 5, 9, 14q 32 p4, 7, 10, 11q 32
p5, 6, 8, 13q 32 p5, 7, 8, 12q 32 p5, 7, 9, 11q 32 p6, 7, 8, 11q 32 p1, 5, 11, 16q 33
p1, 6, 11, 15q 33 p1, 8, 11, 13q 33 p1, 9, 11, 12q 33 p2, 7, 11, 13q 33 p3, 4, 11, 15q 33
p3, 7, 10, 13q 33 p3, 7, 11, 12q 33 p3, 9, 10, 11q 33 p4, 5, 11, 13q 33 p6, 7, 9, 11q 33
p1, 3, 13, 17q 34 p1, 5, 11, 17q 34 p1, 6, 10, 17q 34 p1, 7, 9, 17q 34 p2, 4, 11, 17q 34
p2, 7, 8, 17q 34 p3, 5, 9, 17q 34 p4, 5, 8, 17q 34 p1, 7, 10, 17q 35 p2, 7, 9, 17q 35
p2, 7, 11, 15q 35 p3, 5, 13, 14q 35 p3, 8, 10, 14q 35 p4, 5, 7, 19q 35 p4, 7, 9, 15q 35
p5, 6, 7, 17q 35 p5, 6, 11, 13q 35 p5, 7, 11, 12q 35 p1, 4, 13, 18q 36 p1, 5, 12, 18q 36
p1, 6, 11, 18q 36 p1, 7, 10, 18q 36 p1, 8, 9, 18q 36 p1, 9, 10, 16q 36 p1, 9, 12, 14q 36
p1, 10, 12, 13q 36 p2, 5, 11, 18q 36 p2, 5, 12, 17q 36 p2, 7, 9, 18q 36 p2, 7, 12, 15q 36
p2, 8, 9, 17q 36 p2, 9, 11, 14q 36 p2, 9, 12, 13q 36 p3, 4, 11, 18q 36 p3, 7, 8, 18q 36
p3, 8, 11, 14q 36 p3, 10, 11, 12q 36 p4, 5, 9, 18q 36 p4, 6, 9, 17q 36 p4, 7, 9, 16q 36
p4, 9, 10, 13q 36 p4, 9, 11, 12q 36 p5, 6, 7, 18q 36 p5, 6, 9, 16q 36 p5, 8, 9, 14q 36
p6, 7, 8, 15q 36 p6, 9, 10, 11q 36 p1, 8, 10, 19q 38 p2, 3, 14, 19q 38 p2, 5, 12, 19q 38
p2, 7, 10, 19q 38 p2, 8, 9, 19q 38 p4, 6, 9, 19q 38 p1, 6, 13, 19q 39 p1, 7, 13, 18q 39
p1, 11, 13, 14q 39 p2, 5, 13, 19q 39 p2, 9, 13, 15q 39 p3, 4, 13, 19q 39 p3, 5, 13, 18q 39
p3, 7, 13, 16q 39 p3, 8, 13, 15q 39 p3, 11, 12, 13q 39 p4, 5, 13, 17q 39 p4, 7, 13, 15q 39
p5, 9, 12, 13q 39 p6, 9, 11, 13q 39 p7, 8, 11, 13q 39 p7, 9, 10, 13q 39 p1, 3, 16, 20q 40
p1, 6, 13, 20q 40 p1, 7, 12, 20q 40 p1, 8, 11, 20q 40 p1, 10, 13, 16q 40 p2, 5, 13, 20q 40
p2, 7, 11, 20q 40 p3, 4, 13, 20q 40 p3, 7, 10, 20q 40 p3, 8, 9, 20q 40 p3, 8, 10, 19q 40
p3, 10, 11, 16q 40 p3, 10, 13, 14q 40 p4, 7, 9, 20q 40 p4, 7, 10, 19q 40 p5, 7, 8, 20q 40
p5, 7, 12, 16q 40 p5, 8, 13, 14q 40 p6, 7, 10, 17q 40 p7, 8, 10, 15q 40 p7, 10, 11, 12q 40
p8, 9, 10, 13q 40 p1, 6, 14, 21q 42 p1, 8, 12, 21q 42 p1, 9, 11, 21q 42 p1, 12, 14, 15q 42
p2, 5, 14, 21q 42 p2, 6, 13, 21q 42 p2, 7, 12, 21q 42 p2, 9, 10, 21q 42 p3, 4, 14, 21q 42
p3, 5, 13, 21q 42 p3, 7, 11, 21q 42 p3, 8, 10, 21q 42 p3, 8, 14, 17q 42 p3, 12, 13, 14q 42
p4, 5, 12, 21q 42 p4, 5, 14, 19q 42 p4, 6, 11, 21q 42 p4, 7, 10, 21q 42 p4, 9, 14, 15q 42
p5, 6, 14, 17q 42 p5, 7, 9, 21q 42 p5, 11, 12, 14q 42 p6, 7, 8, 21q 42 p6, 9, 13, 14q 42
p8, 9, 11, 14q 42 p2, 3, 17, 22q 44 p2, 7, 13, 22q 44 p3, 5, 14, 22q 44 p3, 8, 11, 22q 44
p3, 11, 14, 16q 44 p4, 7, 11, 22q 44 p4, 11, 14, 15q 44 p6, 7, 9, 22q 44 p6, 8, 11, 19q 44
p7, 8, 11, 18q 44 p1, 11, 15, 18q 45 p2, 9, 15, 19q 45 p2, 11, 15, 17q 45 p4, 9, 15, 17q 45
p5, 9, 14, 17q 45 p6, 11, 13, 15q 45 p7, 9, 10, 19q 45 p8, 9, 13, 15q 45 p1, 7, 15, 23q 46
p1, 8, 14, 23q 46 p1, 9, 13, 23q 46 p1, 10, 12, 23q 46 p2, 10, 11, 23q 46 p3, 7, 13, 23q 46
p4, 5, 14, 23q 46 p4, 9, 10, 23q 46 p5, 7, 11, 23q 46 p6, 7, 10, 23q 46 p1, 7, 16, 24q 48
p1, 12, 16, 19q 48 p2, 9, 13, 24q 48 p3, 5, 16, 24q 48 p3, 10, 16, 19q 48 p4, 9, 11, 24q 48
p5, 6, 13, 24q 48 p5, 6, 16, 21q 48 p5, 8, 11, 24q 48 p6, 11, 15, 16q 48 p7, 12, 13, 16q 48
p9, 10, 13, 16q 48 p9, 11, 12, 16q 48 p1, 10, 14, 25q 50 p1, 11, 13, 25q 50 p2, 3, 20, 25q 50
p2, 7, 16, 25q 50 p2, 9, 14, 25q 50 p2, 11, 12, 25q 50 p3, 8, 14, 25q 50 p4, 10, 11, 25q 50
p6, 8, 11, 25q 50 p6, 9, 10, 25q 50 p3, 11, 17, 20q 51 p5, 6, 17, 23q 51 p5, 11, 17, 18q 51
p9, 11, 14, 17q 51 p1, 8, 17, 26q 52 p1, 9, 16, 26q 52 p2, 7, 17, 26q 52 p3, 4, 19, 26q 52
p3, 7, 16, 26q 52 p4, 5, 17, 26q 52 p4, 7, 15, 26q 52 p5, 9, 12, 26q 52 p7, 8, 11, 26q 52
p7, 9, 10, 26q 52 p1, 8, 18, 27q 54 p1, 12, 14, 27q 54 p2, 7, 18, 27q 54 p2, 12, 13, 27q 54
p3, 7, 17, 27q 54 p3, 10, 14, 27q 54 p4, 6, 17, 27q 54 p4, 10, 13, 27q 54 p5, 6, 16, 27q 54
p5, 8, 14, 27q 54 p6, 8, 13, 27q 54 p6, 10, 11, 27q 54 p7, 8, 12, 27q 54 p1, 11, 16, 28q 56
p2, 11, 15, 28q 56 p3, 8, 17, 28q 56 p4, 11, 13, 28q 56 p5, 6, 17, 28q 56 p5, 7, 16, 28q 56
p5, 11, 12, 28q 56 p7, 8, 13, 28q 56 p8, 9, 11, 28q 56 p3, 10, 16, 29q 58 p4, 7, 18, 29q 58
p4, 11, 14, 29q 58 p6, 10, 13, 29q 58 p1, 9, 20, 30q 60 p1, 12, 17, 30q 60 p1, 15, 20, 24q 60
p3, 7, 20, 30q 60 p3, 8, 19, 30q 60 p3, 11, 16, 30q 60 p4, 9, 17, 30q 60 p6, 15, 19, 20q 60
p7, 11, 12, 30q 60 p7, 15, 18, 20q 60 p8, 9, 13, 30q 60 p12, 13, 15, 20q 60 p3, 11, 17, 31q 62
p5, 7, 19, 31q 62 p5, 9, 17, 31q 62 p5, 12, 14, 31q 62 p6, 11, 14, 31q 62 p7, 11, 13, 31q 62
p1, 10, 22, 33q 66 p2, 9, 22, 33q 66 p3, 8, 22, 33q 66 p4, 7, 22, 33q 66 p6, 7, 20, 33q 66

Continued on next page.
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Weights h Weights h Weights h Weights h Weights h

p6, 13, 14, 33q 66 p4, 11, 19, 34q 68 p5, 8, 21, 34q 68 p5, 13, 16, 34q 68 p8, 11, 15, 34q 68
p1, 14, 20, 35q 70 p4, 14, 17, 35q 70 p10, 11, 14, 35q 70 p10, 12, 13, 35q 70 p1, 11, 24, 36q 72
p5, 7, 24, 36q 72 p7, 13, 16, 36q 72 p8, 11, 17, 36q 72 p1, 12, 26, 39q 78 p2, 11, 26, 39q 78
p3, 10, 26, 39q 78 p4, 9, 26, 39q 78 p5, 8, 26, 39q 78 p6, 7, 26, 39q 78 p7, 16, 17, 40q 80
p3, 11, 28, 42q 84 p5, 9, 28, 42q 84 p4, 11, 30, 45q 90 p7, 18, 20, 45q 90 p10, 17, 18, 45q 90
p5, 11, 32, 48q 96 p5, 12, 34, 51q 102 p6, 11, 34, 51q 102
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