EQUIVALENCE CLASSES FOR SMOOTH FANO POLYTOPES

AKIHIRO HIGASHITANI AND ALEXANDER KASPRZYK

ABSTRACT. Let F,, denote the set of smooth Fano polytopes of dimension n, up to unimodular equiva-
lence. We describe all of the F- and I-equivalence classes for n = 5, 6, and 7. We also give a complete
characterisation of F- and I-equivalence classes for smooth Fano n-polytopes with n + 3 vertices, and
describe a family of I-isolated smooth Fano polytopes in every dimension. We conclude by considering a
possible generalisation of F-equivalence to reflexive 3-polytopes.

1. INTRODUCTION

Let N = Z™ be a lattice of rank n, M = Hom(N,Z) = Z" the dual lattice of NV, and let P C Ng =
N ®z Q = Q™ be an n-dimensional lattice polytope; that is, P is a convex polytope whose vertices V(P)
belong to the underlying lattice N. If the origin lies in the (strict) interior of P — that is, if 0 € int(P) —
and if the vertices of P are primitive — that is, if for each v € V(P) the line segment connecting v and 0
contains no lattice points other than the two end-points — then we call P Fano. We say that two polytopes
P and Q are unimodular-equivalent if there exists an affine map ¢ : Ng — Ng such that ¢(N) = N and
©(P) = Q. Throughout we regard a Fano polytope as being defined only up to unimodular equivalence.

Fano polytopes are of significant importance in toric geometry: there is a one-to-one correspondence
between Fano polytopes (up to unimodular equivalence) and toric Fano varieties (up to isomorphism).
Given a Fano polytope P one can construct its spanning fan ¥ p whose cones o € ¥p span the faces of P,
and from X p one obtains a projective toric variety X. The anticanonical divisor —Kx of X is an ample
Q-Cartier divisor; hence X is a Fano variety. Much of the geometry of X is encoded in the combinatorics
of X p. For details of toric geometry see [9,11], and for an overview of Fano polytopes see [13].

A Fano polytope P said to be reflexive if the dual polytope

P* ={u e Mg | (u,v) > —1 for every v € P}

is also a lattice polytope, where (-, -) denotes the natural pairing. A Fano polytope P is reflexive if
and only if P* is reflexive. Reflexive polytopes correspond to Gorenstein toric Fano varieties, and were
introduced by Batryrev [3]. Their classification is known up to dimension four [16], where there are
473800 776 unimodular equivalence classes.

A simplicial Fano polytope (that is, one whose facets are simplices) corresponds to a Q-factorial toric
Fano variety. A Fano polytope P is said to be smooth if the vertices of each facet of P forms a Z-basis
of the underlying lattice N. In particular, a smooth Fano polytope is both simplicial and reflexive. The
smooth Fano polytopes correspond to the nonsingular toric Fano varieties. Because of this important
correspondence, smooth Fano polytopes have been the focus of a great deal of research. Of particular
interest is their classification in each dimension. In dimension two the classification is well-known: there
are exactly five cases, corresponding to the five smooth toric del Pezzo surfaces (P2, P! x P!, and the blow-up
of P? in at most three points). In dimension three the classification is due to Batyrev [1] and Watanabe—
Watanabe [22] (there are 18 cases) and in dimension four by Batyrev [4] and Sato [21] (124 cases). The five
dimensional classification, obtained by Kreuzer—Nill [15] by “unprojecting” the four-dimensional reflexive
classification, has 866 unimodular equivalence classes. Recently, an efficient algorithm to classify all n-
dimensional smooth Fano polytopes was described by @bro [17,18]. This has allowed the classification up
to dimension nine; see Table 1.

Let F,, denote the set of unimodular equivalence classes of n-dimensional smooth Fano polytopes.
We shall consider the structure of F,, with respect to two equivalence relations: F-equivalence and I-
equivalence.
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TABLE 1. The number |F,| of smooth Fano n-polytopes, n < 9. Classifications at [6,20].

n 1 2 3 4 5 6 7 8 9
|[Fn] 1 5 18 124 866 7622 72256 749892 8229721

Definition 1.1 (c.f. [21, Definitions 1.1 and 6.1], [19, Definition 1.1]). Two smooth Fano polytopes P, Q €

Fn are F-equivalent, and we write P K Q, if there exists a finite sequence Py, Py, ..., P, € F, of smooth
Fano polytopes satisfying:

(i) P and @ are unimodular-equivalent to Py and Py, respectively;
(ii) For each 1 < i < k we have either that V(P;) = V(Pi—1) U {w}, where w ¢ V(P;_1), or that
V(Pi—1) = V(F;) U{w}, where w & V(P));
(iii) If w € V(P;) \ V(P;—1) then there exists a proper face F of P,_; such that

w = Z v
vEV(F)

and the set of facets of P; containing w is equal to
{conv ({w} UV(F')\ {v}) | F'is a facet of P,_1,F C F',v € V(F)}.

In other words, P; is obtained by taking a stellar subdivision of P;_; with w. Similarly, if w €
V(P;—1) \ V(P;) then P;_; is given by a stellar subdivision of P; with w.

Definition 1.2 (c.f. [12, §4], [19, §1]). Two smooth Fano polytopes P,Q € F, are I-equivalent, and we

write P & Q, if there exists a finite sequence of smooth Fano polytopes satisfying conditions (i) and (ii)
in Definition 1.1.

Remark 1.3. We make the following observations on the definitions of F- and I-equivalence.

(i) Clearly if P X Q then P £ Q.
(ii) These definitions can be naturally expressed in terms of fans.

(iii) Condition (iii) in Definition 1.1 should be interpreted as stating that the two nonsingular toric Fano
varieties Xp, , and Xp, obtained from ¥Xp, , and ¥p,, respectively, are related via an equivariant
blow-up.

(iv) I-equivalence does not necessarily correspond to an equivariant blow-up.

Example 1.4. Let eq,..., e, be the unit coordinate vectors of N = Z™ and let
T" =conv({ey,...,e,,—(e1 +---+e,)}).

Then 7™ is a smooth Fano polytope, with corresponding toric variety X~ equal to n-dimensional projective
space P™. Note that this is the unique smooth Fano n-polytope with n + 1 vertices (up to unimodular
equivalence). For a given positive integer k, let

V2k = conv({teq,...,Teqy, (€1 + - +ex)}), vk = conv({xey,...,tegr, €1 + -+ exp)}.
These are smooth Fano 2k-polytopes, and V¢ Ly L T2k, but V2 712 V2% when k > 2.

Recall that a polytope P is pseudo-symmetric if P contains a facet F such that —F is also a facet of P.
By Ewald [10] we know that every pseudo-symmetric smooth Fano polytope is unimodular-equivalent to

é V2li ey é ‘72771]- D é T:nk7
i=1 j=1 k=1

where for two reflexive polytopes P C Ng and Q C Ng, P& Q = conv(P x {0} U {0} x Q) C (N + N')g
denotes the free sum of P and ). The free sum of two smooth Fano polytopes corresponds to the direct
product of two nonsingular toric Fano varieties.
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FIGURE 1. The F-equivalence relations between P € Fs, P % T5. See Remark 2.1 for details.
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Dimensions 2, 3, and 4. Sato [21] investigated the F-equivalence classes for F,, when n < 4. In two
dimensions, every P € F, is F-equivalent to 72, and in three dimensions every P € F3 is F-equivalent
to T3. In four dimensions F, consists of three F-equivalence classes, the largest of which — consisting of
122 smooth Fano 4-polytopes — contains 7%. The two remaining F-equivalence classes correspond to those
pX V* and to those P Y V4,

Example 1.5 (Obro’s example). Sato conjectured that any smooth Fano n-polytope is either F-equivalent
to T™ or is pseudo-symmetric [21, Conjecture 1.3 and 6.3]. This holds when n < 4, however @bro [19]
provides a counterexample in dimension five: a smooth Fano polytope

P = conv{ey, e, e3,e4,tes, (—1,-1,-1,0,3),(0,1,1,-1,-1)} € F5
with 8 vertices which is neither pseudo-symmetric nor I-equivalent to any other smooth Fano 5-polytope.

In this paper we continue the investigation of F- and I-equivalence classes for F,,. In §2 we begin by
determining all F- and I-equivalence classes for F,,, 5 < n < 7. In §4 we introduce F- and I-isolated smooth
Fano polytopes and, in Theorem 4.2, characterise those F- and I-isolated polytopes with n + 3 vertices. In
Theorem 4.3 and Corollary 4.6 we generalise the example of @bro by constructing a family of I-isolated
smooth Fano n-polytopes with n + p vertices for all n > 5 and 3 < p < n. Finally, we conclude in §5 by
considering a generalisation of F-equivalence to reflexive 3-polytopes.

2. EQUIVALENCE CLASSES FOR SMOOTH FANO POLYTOPES IN DIMENSIONS 5, 6, AND 7

We now describe all F- and I-equivalence classes for F5, and enumerate the F- and I-components for Fg
and F7. The results are summarised in Table 2 (the cases 2 < n < 4 are due to Sato [21]). Figure 1 shows
all of the smooth Fano 5-polytopes which are not F-equivalent to 1°°.

TABLE 2. The number of F- and I-equivalence classes for F,, n < 7.

n 1 2 3 4 5 6 7
F-equivalence 1 1 1 3 27 441 6132
I-equivalence 1 1 1 1 4 43 436

Remark 2.1. Each circled number in Figure 1 corresponds to a smooth Fano 5-polytope P € F5 with
5+ p vertices, 3 < p < 7; the number is the ID of P in [6]. Two circles are connected by a line if the
corresponding polytopes are F-equivalent. A double circle indicates that P is I-isolated: that is P 716 Q for
any Q € F5\ {P}. The polytope in Example 1.5 has ID 164, and is I-isolated. Figure 1 has 26 F-connected
components; there are 38 polytopes which are not F-equivalent to 7°. The polytopes with a single circle
are I-equivalent to T°; only 3 polytopes are not I-equivalent to 7°°.

The number of F- and I-equivalence classes for Fg and F7 are listed in Tables 3 and 4. These were
generated by computer! using the computational algebra system MAGMA [5]. These tables do not contain

1Computer code and output listing the elements in each equivalence class are available from [6].
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the equivalence class generated by T". There are 282 F- and 34 I-isolated smooth Fano 6-polytopes; there
are 3839 F- and 323 I-isolated smooth Fano 7-polytopes. The number of F- and I-equivalence classes for
F. is given by the sum of the second row in the corresponding table, plus 1 (the excluded class of 7).

TABLE 3. The number of F- and I-components for Fg, excluding the class containing 7

F#representatives 1 2 3 4 5 6 9 10 11 15 16 23
F-components 282 8 47 14 8 3 1 1 1 1 1 1

#representatives 1

E

(G100 V]
N W
= ot

I-components

TABLE 4. The number of F- and I-components for Fr, excluding the class containing 7"

F#representatives 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
F-components 3839 1163 545 215 118 60 29 31 30 13 14 8 5 1 7 5 6 6

19 20 21 22 23 25 26 27 28 30 32 35 37 39 40 41 42 52 69 73 89 109
1 2 6 2 2 1 1 1 2 21 3 1 1 2 1 1 1 1 2 1 1

F#representatives 1 2 3 4 5 6 7 8 9 11
I-components 323 67 13 11 9 4 4 2 1 1

3. PRIMITIVE COLLECTIONS

For a smooth Fano polytope P C Ng let ¥p = {cone(F) C Ng | F is a face of P} denote the spanning
fan of P. Then Y p is a complete nonsingular fan in N. For any complete nonsingular fan ¥ in N, let
G(X) denote the set of primitive vectors in N corresponding to the rays of ¥. We recall the following key
definitions from Batyrev [2].

(i) A subset @ # A C G(X) is called a primitive collection of ¥ if cone(A) ¢ ¥ but cone(A\ {z}) € &
for every x € A. The set of all primitive collections of ¥ is denoted by PC(X).

(ii) Let A = {x1,...,2;} € PC(X). If 1 + --- 4+ 27 # 0 then there is a unique cone(y1,...,ym) € X
such that x1 +--- 4+ x; = a1y1 + -+ + @mYm, where a; € Z~g. The relation z; +---+z; = 0 or
1+ +x=a1y1 + - + amym is called the primitive relation for A.

(iii) Let A € PC(X) have primitive relation 1 + - -+ + x; = a1y1 + - - - + @m¥Ym, The integer deg(A) =
l— (a1 + -+ an) is called the degree of A.

In the case of a smooth Fano polytope P we will write PC(P) in place of PC(Xp).

Proposition 3.1 ([4], [21, Theorem 3.10]). Let ¥ be a complete nonsingular fan. Then deg(A) > 0 for
all A € PC(X) if and only if there exists a smooth Fano polytope P such that ¥ = ¥p.

The primitive relations for smooth Fano n-polytopes with n+2 or n+3 vertices are completely characterised:

Proposition 3.2 ([14, Theorem 1]). Let P be a smooth Fano n-polytope with n + 2 vertices vy, ..., Up12.
Then, up to relabelling of the vertices, the primitive relations are of the form

vi+ - +vr =0 for some 2 <k <n,

Vg1 + -+ Ungo = a101 + -+ apvp, witha; >0 andn+2—k>a; +---+ a.

Proposition 3.3 (]2, Theorem 6.6]). Let P be a smooth Fano n-polytope with n + 3 vertices. Then one
of the following holds:

(i) P consists of three disjoint primitive collections, i.e. PC(P) = {A;, Ay, As} with A, N A; = & for
each i # j;
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(i) |PC(P)| =5 and there exist po, p1, P2, P3, P4 € Lso with po+- -+ ps = n+3 such that the primitive
relations are of the form
v+ Vg YLt Y, = ozt b Cpy2p, (Ao A+ Dt -+ (dyy + 1)y,
Y1+ FYp t21+ -+ 2, =+ Uy,
(3.1) 214z, i+t =0,
ty 4ty U+ up, =y1+ -+ Ypy
U+ FUp, F UL F Uy = Ca%a A Cpy2p, +ditn e dpg iy,

where V(P) = {v1, ..., Upgs Y1y s Yprs Z1y - o5 Zpas bl e ooy bpgs Wiy oo oy Upy by €24 ooy Cpyy @iy e dpy €
Z>g, and the degree of each of these primitive relations is positive.

We also recall the following useful lemma.
Lemma 3.4 ([7, Corollary 4.4], [19, Lemma 3.1]). Let
(3.2) vt o =a1wy + - F W,

be a linear relation between some vertices of a smooth Fano polytope P such that a; € Z~q and {vy, ..., v N
{wi,...,wyn} = 3. Suppose that k—(a1+---+am) =1 and conv(wy, ..., wy) is a face of P. Then (3.2) is
a primitive relation. Moreover, for each face F of P with {w,...,wy} C V(F), conv(V(F)U{v1,...,vp}\
{v;}) is also a face of P for every 1 <i < k.

4. I-ISOLATED SMOOTH FANO POLYTOPES

Definition 4.1. Let P be a smooth Fano n-polytope. We say that P is F-isolated (respectively, I-isolated)
if P 712 Q (respectively, P 7Ié Q) for any Q € F,, \ {P}. Clearly if P is I-isolated then P is F-isolated.

First we characterise the primitive relations for an I-isolated smooth Fano n-polytope with n+3 vertices.
Note that such a polytope is of dimension at least five.

Theorem 4.2. Let P be a smooth Fano n-polytope with n+ 3 vertices. The following three conditions are
equivalent:

(i) P is F-isolated;
(ii) P is I-isolated;
(iii) The primitive relations in P are of the form
ittty oty = (a+b - 1)t
Yoty 2= U U,
(4.1) z+1t=0,
Edur o uy =1+
ur 4t up+ v+ v, = (a+b—2)t,

where V(P) = {v1, ..., Vas Y1y« Ypy 2, L, U1, ., Up}, @ >2,0>2 andn=a+ 2b— 1.

Proof. (i) = (iii): Assume that P is F-isolated. Since |V(P)| = n + 3, from Proposition 3.3 we know that
the primitive relations are of the form (3.1). In what follows we will consider the complete nonsingular
fan obtained by introducing a new ray cone(w), w = ZUeG(U
subdivision. By considering the primitive relations, we will prove that if there does not exist a smooth
Fano polytope @ # P with P Y Q, then the primitive relations in P are of the form (4.1).

For a face F' C P, let £%.(P) denote the complete nonsingular fan obtained by taking a stellar subdivision

)V for some o € ¥ p and taking the stellar

of ¥p with the ray cone(w), where w = 3_ oy, (5) v = X, cc(cone(r)) V- Suppose first that py =1 or py = 1.
Then by [21, Proposition 8.3] we obtain a new smooth Fano n-polytope with n + 2 vertices which is
F-equivalent to P, a contradiction. Hence p; > 2 and ps > 2.

Now suppose that po = 1. Since {v1, 21} is not contained in PC(P), so conv(v1, 21) is a face of P. We
consider a stellar subdivision of ¥ p with the (ray through the) lattice point w = v1 + 21 and the complete
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*
conv(vi,z1)

w4y + - Fyp, = (ca—Dzo+ -+ (cp, — L)zp, +dit1 + -+ dpytp,,
w+22+"'+2p2+t1+"'+tp3:v17
w4t up, tw=_(co—Dza+ -+ (cp, — Dzp, + (d1 — D)t1 + - + (dpy — 1)tp,.

nonsingular fan 3 (P). The new primitive relations involving w are (see [21, Theorem 4.3]):

Since the degrees of these primitive relations are positive, by Proposition 3.1 there exists a smooth Fano

polytope @ with E:onv(vl Zl)(P) = Yg. In particular P £ Q, a contradiction. Hence pg > 2.
Suppose that p; + ps — py > 2. Then we see that the complete nonsingular fan E:onv(yl Zl)(P) is the

spanning fan of a smooth Fano polytope, a contradiction. Thus p; +p2 —ps < 1. On the other hand, since
{y1,-- -, Ypss21,-- -, 2p, } is & primitive collection of P and its degree is equal to p1 + ps — ps, we obtain
that p; + p2 — ps > 1 by Proposition 3.1. We conclude that p; + p2 — py = 1. Similarly, suppose that
p3 + ps — p1 > 2. Then we see that the complete nonsingular fan Ezonv(tl,ul)(P) is the spanning fan of a
smooth Fano polytope, a contradiction. Thus ps + ps — p1 < 1. Moreover, since {t1,. .., p,, U1, ..., Up, | IS
a primitive collection of P with degree ps + ps — p1, we have that ps +ps —p1 > 1. Hence p3 +pgs —p1 = 1.
Since p1 + p2 — ps = p3 + pa — p1 = 1, we see that po = p3 = 1 and p; = py.

In a similar fashion, suppose that pg+p1—(d1+1) > 2. Since the complete nonsingular fan Z:OHV(UI o) (P)
comes from a smooth Fano polytope we have a contradiction. Thus pg + p1 — (d1 + 1) < 1. On the other
hand, since {v1,...,Vpy,Y1,-.,Yp, } IS & primitive collection of P of degree py + p1 — (d1 + 1), we obtain
that pg + p1 — (d1 + 1) > 1. Hence d; = po + p1 — 2. We obtain the desired primitive relations (4.1).

(iii) = (ii): Let

V; = €4, i:l,...,a—l, va:—e1—---—ea+2b_2—|—(a—|—b—1)ea+2b_1,
Yj = €aq—1+j j=1,.. L, b—1, Yb = €qtbp—1t -+ €q12p—2,

Z = —€qyop-1, t=eqtap—1,

Uj = €qyp—144, J =1,...,0—1, Up = €q + -+ +€yp 1 — €qy2p—1,

and set V ={v1,...,v.}, Y ={y1,...,y}, and U = {uy,...,up}. Define P = conv(VUY U{z,t}UU).
By construction the primitive relations in P are of the form (4.1). We will show that P is I-isolated.

First, we prove there is no smooth Fano n-polytope Q with n + 2 vertices such that V(Q) C V(P).
Suppose for a contradiction that such a @ exists. Write V(Q) = V(P) \ {w}. Assume that w € {z,¢}. In
this case, although there must be a primitive collection A € PC(Q) with > _ ,v = 0 by Proposition 3.2,
no non-empty subset of V(Q) adds to 0, a contradiction. Assume instead that w € V. Then w = v;
for some 1 < i < a. However, for each 1 < j < a — 1 (respectively, j = a), the j-th coefficient of each
V(P) \ {v;} is non-positive (respectively, non-negative). Thus ) cannot contain the origin in its interior,
a contradiction. Finally, assume that w € Y UU. Let A be a primitive collection of @ with »_ ., v = 0.
Then A = {z,t}. By Proposition 3.2, ZzE(VUYUU)\{w} x should be expressed as a linear combination of z
and t, which is a contradiction.

Second, we prove there exists is no smooth Fano n-polytope R with n+4 vertices such that V(P) C V(R).
Suppose for a contradiction that such an R exists, and let V(R) = V(P) U {w} for some w € N. Since ¢t is
a vertex of R, by Lemma 3.4 the relation

(42) ViAo va Yy gy = (a+b— 1)t

is a primitive relation in R. Hence conv((V \ {v})UY U{t}) is a face of R for every v € V. Since we have
the relation

(4.3) ttu - dup =yt
we obtain that (4.3) is also a primitive relation in R, and
conv((V\ {vHUY U{t} U(U\ {u})) and conv((V\{v}) UY UU)

are facets of R for every v € V and w € U. Moreover, since conv((V \ {v}) UY U{t} U (U \ {u})) is a face
of R, we obtain that

conv(V U (Y \ {y}) U{t} U U\ {u}))

is a facet of R for every y € Y and u € U by (4.2). In addition, from the relation
(4.4 YL bzt s,
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since conv((V \ {v})UY UU) is a face of R we obtain that (4.4) is also a primitive relation in R and hence

conv((V\ {v}) U(Y\{y}) U{z} LT)
is also a facet of R for every v € V and y € Y. Therefore R contains the following four kinds of facets:
(i) conv((V\{v})UY U{t} U U\ {u})), where v € V,u € U;

(i) conv((V \{v})UY UU), where v € V;

(iii) conv(V U (Y \ {y}) U{t} U(U\{u})), where y € Y,u € U;

(iv) conv((V\ {v}PH)U ¥ \{y}Hh U{z}Ul), where v e V,y € Y.
But these are also facets of P, thus for any these facets F', w is not contained in cone(F). Hence w must
be contained in the cone generated by the remaining facet of P,

w € cone(VU Y \{yH) U{z} UU\{u}))

for some y € Y and uw € U. Without loss of generality we may assume that w € cone(V U (Y \ {yp}) U

{z} U U\ {up})). Let

w=Cv1+ -+ Ca—1Va—1 + Ce¥Y1 + - +Catb—2Yp—1 + Catb—1Va+

Cat+bU1 + -+ + Catr2b—2Up—1 + Cat2b—17,

where ¢; € Z>¢. Let F' = conv(V UY ' U{t} UU’), where Y =Y \ {y} and U’ = U \ {up}. Then F
is a facet of R. Let F’ be the unique facet of R such that F N F’ is a ridge (i.e. a face of dimension
n — 2) of R with V(F)\ V(F') = {t}. Then V(F')\ V(F) = {w}. In fact, for each v’ € {yp,up},
conv(VUY'UU’ U{w'}) cannot be a face of R because conv(V UY) and conv(V UU) cannot be a face,
and for z, conv(VUY'U{z}UU’) is not a face by assumption. Hence by [19, Lemma 2.1], ¢ + w lies in the
linear subspace spanned by VUY’ UU’. Therefore, from the relation z + ¢ = 0, we have that ¢, 9,1 = 1.
Moreover it follows from [19, Lemma 2.1] that

a+2b—2
1> (ap,w) = Z ¢ —1>(ap,z) =-1,
i=1

where ap is the lattice vector defining F', i.e. FF = {a € P | (ap,a) = 1}. Thus Z?ifb_Q ¢; = 1. Hence w
can be written as w = z + w” for some w”’ € VUY'UU’. Let G = conv((V \ {v}) UY UU). Since G is a
facet of R for each v € V' and the relation y; + -+ -+ yp +w = uy + - - - + up + w” holds, we see that w is
also contained in G — that is, R is not simplicial, which is a contradiction.

(ii) = (i): This is obvious. O

Next, we describe a family of I-isolated smooth Fano polytopes.

Theorem 4.3. Leta>2,b>1,k>1, andl; > 1 for j=1,..., k. Then there exists an I-isolated (and
hence F-isolated) smooth Fano polytope P of dimension n =a+2b—1+ 2521 l; with n + k + 3 vertices
whose primitive relations are of the form

Vit vty g = (a+b— 1)t
yi ey 2= ug e g,

z+t=0,
t+ur+---+up=y1 +-+ Yp,
(4.5) uy o Fuy v+ v, = (a4 b - 2)t,

wyy+ st w1 =11+ oy,

Wi+t Why12 =012+ -+, 9,

Wikt ot Wk = 01k o Qs

where V(P) = {01, .., Va, Y1y« s Yby 2y b ULy« oy Up U U?:l{wl,ja"'vwlj+1,j} and {a; ; |1 <i<1l;1<
jgk}:{ymuq‘lgng}-
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Proof. Let
vi=e;,1=1,...,a—1, Vg =—€1 — -+ —€qqap—2 + (a+b—1)egyop_1,
Yi=¢€q 145, J=1,...,b—1, Yo = €atb—1 + -+ €at2p—2,
Z = —€q+2b—1, t=eqtap-1,
Uj =€qqp_14j, J=1,...,0—1, Uy =€¢ ++++ €q4p—1 — €44+2b—1,
Ws, :ea+2b—1+zg;}lq+i7 izl,...,lj, j:].,...,k,

lj
Wij+1.5 = =€ qop 1459 1141~ T Cagap—1459 1, T E :O‘i,ja J=1...k
i=1

and set V = {v1,...,v.}, Y ={y1,...,m}, U ={u1,...,wp}, and W; = {w; ; | 1 < i <; + 1} for each
1< j <k. Define P =conv(VUY U{z,t}UUUW), where W = Ule W;. By construction P is a smooth
Fano polytope of dimension n =a +2b— 1+ Zle l; with n + k + 3 vertices, and its primitive relations
are of the form (4.5). By Lemmas 4.4 and 4.5 below we see that P is I-isolated. O

Lemma 4.4. Let P be the polytope given in the proof of Theorem 4.3. There does not exist a smooth Fano
n-polytope Q with n + k + 2 vertices such that V(Q) C V(P).

Proof. We follow the notation of the proof of Theorem 4.3. Suppose that there is a smooth Fano n-polytope
Q with n+k + 2 vertices such that V(Q) = V(P) \ {z}, where x € V(P) = VUY U{z,t}UUUW. Assume
that = € {z,t}. In this case, although there must be a primitive collection A € PC(Q) with ) _,v =10
by Proposition 3.2, no non-empty subset of V(P) \ {«} sums to 0. This is a contradiction.

Assume now that x € V. Then x = v; for some 1 < i < a. Notice that for each 1 < j < a—1
(respectively, j = a) the j-th entry of each vertex V(P) \ {v;} is non-positive (respectively, non-negative).
Thus @ cannot contain the origin in its interior, a contradiction. Similarly if x € W.

Assume that x € Y. Without loss of generality we assume x = y,. For each 1 < j < k, set m; =
Hilaij=yp, 1 <i<Ilj} and m}; = [{i| a;j =up, 1 <i <1} Let r be an index attaining max{(m; —
1)/(m) +1)|1<j <k}, and consider

F = conv((V\{va) UV \ {mp}) U{z} U (U \{wp}) U (W \ {wy, 15 [ 1 <5 < k,j#7})).

Then F' is a face of Q. In fact, let

1+ m)
a= E e — T —b+2)esrp1.
1< ot <mr+m§» * aret
<g<n

qFa+b—1

We make the following observations.
(i) We have: (a,v;) =1foreach1<i<a-—1; (at)=1; (a,y;) =(a,u;) =1foreach 1 <j<b—1;
and (a,w; ;) =1foreach 1 <i<l;,1<j<k.
(i) Since wy 41, = Zé;l(aj,r — wj ) we have:

1+m! 1+m!
—m, 1++mr,)+m’r+m’",mrmi~1-
my +m;. my +m;,

(iii) We have (a,v,) = —(1+m))/(m, +m)) <1 and (a,z) = -1 < 1.
(iv) Moreover, we have (a, up) = (1+m.)/(m,+m!). Thus (a,up) = 1 if m, = 1, otherwise (a, up) < 1.
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(v) In addition, for each 1 < j < k, we also have:

(a,wi41,5) = E (a,aij) E a, wi,;)
i=1 =1

1+m/ 1+m/
=m; <1+T/)+m’<T+(lj—mj—m;)—lj

my +m Tm,. +ml
_ mj(m;—i-l)—m;(mr—l) - my +m/. _
my +m’. - my +ml

Here the inequality mj;(m; + 1) — m}(m, — 1) < m, + m; follows from the the maximality of
(my —1)/(m; + 1), i.e. this inequality is equivalent to (m, —1)/(m;. + 1) > (m; —1)/(m} + 1).
If m, = 1 then F contains at least n + 1 vertices, since u, € F. Hence @ is not simplicial, a contradiction.
If m, > 1 then (14+m.)/(m,+m!) is not an integer, and so @ is not reflexive, which is also a contradiction.
Assume that € U. Without loss of generality we assume = = u;. For each 1 < j <k, let m; and m;
be as above. Let s be the index attaining max{(m; —1)/(m; +1) | 1 <j <k} and consider

G = conv ((V \ {0 }) U (¥ \ {56}) ULz} U (U \ {us}) U W\ funy 15 | 1< 5 < by # 5)
Then G is a face of Q. In fact, let

1+ms,
Z e, + ( —b+ 1> €a+b—1 ~ €a+2b—1-

/
m m
1<q<n s

qFa+b—1
q#a+2b—1

We make the following observations.
(i) We have: (b,v;) =1foreach 1 <i<a—1;(b,z) =1; (b,y;) = (b,u;) =1foreach 1 <j <b—1;
and (b,w; j) =1foreach 1 <i<l;;1<j<k.
(ii) We have:
ls ls

(b, wi,1,5) = D (b,ajs) = (bwjs) = 1.
Jj=1 Jj=1

(iii) We have (b,v,) < —2a —2b+3 < 1 and (b,t) = -1 < 1.

(iv) Moreover, we have (b, y) = (14+ms)/(ms+m’). Thus (b,y,) = 1 if m/, = 1, otherwise (b, y) < 1.

(v) In addition, for each 1 < j < k, we also have:

lj lJ
(bywy, 1) =Y (b,ai;)
=1

(b, w; ;)
1

1=

As before we obtain a contradiction. O

Lemma 4.5. Let P be the polytope given in the proof of Theorem 4.3. There does not exist a smooth Fano
n-polytope R with n + k + 4 vertices such that V(P) C V(R).

Proof. Suppose for a contradiction that there exists a smooth Fano n-polytope R with n 4+ k + 4 vertices
such that V(R) = V(P) U {z}, where z € N. Since the linear relation

(4.6) v+ F vyt =(a+b—1)t

amongst the vertices of R holds, and since t is a vertex of R, by Lemma 3.4 this is a primitive relation in
R and conv(Y') is a face of R. Hence the relation

(4.7) t+ur+---Fup=yr+---+ v
is also a primitive relation in R and conv(U) is also a face of R. Hence the relation
(4.8) ittt r=u 4+

is also a primitive relation in R. Moreover, conv(Y U U) is also a face of R, and so is conv(T) for each
T CYUU. Hence

(4.9) wy g+t wg g =T b T2
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is also a primitive relation in R for each 1 < j < k. Thus, by Lemma 3.4,

k
conv| YUUU U (W;\ {w(j)})

=1

is a face of R for each w9 € W, as is
k
conv | YU{t}UU\ {u})U U W\ {w®
for each w € U (by (4.7)). From (4.6) and Lemma 3.4 we obtain that
k
conv | (VA{vHUY U{{t} U U\ {u})U UW\{w
is a facet of R for each v € V, u € U and w9 € W;. By (4.7) and Lemma 3.4 we obtain that

k
conv [ (V\ {vhuy uuu [ Jw;\ {w?})
j=1

is also a facet of R. Similarly we have that

k
conv| VU Y \{yHu{t}uU\{u})U U (W, \ {w?}) and

k
conv [ (V\ {oh)u (Y \{y})u{ztuUU U (W \ {w?})

are also facets of R (from (4.6), (4.7), (4.8) and Lemma 3.4).
These four kinds of facets of R are also facets of P. In addition, P contains one more kind of facet,
which is of the form

k
conv [ VU Y \{y}) u{z}u(U\{u})U U (W \ {w})

where y € Y, v € U, and w\¥) € W;. Therefore x must belong to the cone generated by this facet, i.e.
k
(4.10) ze€cone| VUXY \{yHhu{z UU\{u}h)U U (W \ {w})

Without loss of generality, we may assume that y = v, u = up, and wl?) = wy; 41,5 foreach 1 < j < k. Let

T=cCcvi+--+ Ca—1Va—1 + Ca¥Y1 + -+ Catb—2Yb—1 + Catb—1Va+

CatpUl + -+ Car20—2Up—1 F Cat2b—12 + Car20W1,1 + Cqi2p+1W2 1 + « - + CLWy,, k-

Let F = conv(VUY' U{t}ul’ UU?=1 W), where Y' =Y \{yp}, U' = U\ {wp}, and W] = W\ {wy,;11,;}
for 1 < j < k. Then F is a facet of R. Let F’ be the unique facet of R such that F'N F’ is a ridge of R
with V(F) \ V(F’) = {t}. Then it must be that V(F')\ V(F) = {z}. In fact, by considering the primitive
relations (4.5) and the assumption (4.10), the vertices ys, 2, up, and wy, y1,; cannot belong to V(F”). Thus,
by [19, Lemma 2.1], = + ¢ lies in the linear subspace spanned by VUY’UU' U U?:l W]’ From the relation
z 4t =0 we have c,42,—1 = 1. Moreover, again from [19, Lemma 2.1],

1> (ap,x> = Z c—1> <aF,z> =-1,

1<i<n
i#a+2b—1

where ap is the lattice vector defining F'. Thus
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Namely, = can be written in the form x = z +« for some y € VUY' ' UU' U U?:l Wi

We have the relation y; +-- -+, +2 = u1 +- - - +up +. Moreover, for every vy € VUY'UU'U U§:1 Wi
there exists a face F” of R containing ¥1,...,¥Yp, U1,-..,Up, and . Thus z must be contained in F”. This
is a contradiction, since R is simplicial. |

As an immediate corollary of Theorem 4.3 we obtain:

Corollary 4.6. There exists an I-isolated smooth Fano n-polytope with n+ p vertices for every n > 5 and
3<p<n.

Proof. If p =3 set a =n—3 and b = 2. By Theorem 4.2 there exists an I-isolated smooth Fano n-polytope
with n + 3 vertices. Now suppose that p > 4.

(i) fp=4seta=n—-3,b=1,k=1,and [; = 2.

(i) fp>b5seta=n—p+2,b=1,k=p—3,and l; =1foreach 1 < j <k.
By Theorem 4.3 there exists an I-isolated smooth Fano n-polytope with n + p vertices. |

Example 4.7. Consider the polytope
conv(er, ez, e3,ey,e5,€5,ter,e; — e, =(e; —e3),e5 —€3,82 —€5,€66 — €3 — €4,€3 — €5 — €7).

This is an I-isolated smooth Fano 7-polytope with 15 vertices, and is the smallest example of an I-isolated
smooth Fano n-polytope with at least 2n + 1 vertices.

5. F-EQUIVALENCE FOR REFLEXIVE POLYTOPES

In this section we generalise the notion of F-equivalence to encompass projections between reflexive
3-polytopes. Fix a reflexive 3-polytope P C Ng and consider the corresponding Gorenstein toric Fano
variety Xp. Toric points and curves on Xp correspond to, respectively, facets and edges of P. Projections
from these points (or curves) correspond to blowing-up the cone generated by the relevant facet (or edge).
Since we are restricting ourselves to the class of reflexive polytopes, it is clear that the original face only
needs to be considered if it has no (relative) interior points: any interior point of that face will become an
interior point of the resulting polytope, preventing it from being reflexive.

Lemma 5.1. Let P C Ng be a reflexive 3-polytope and let F' be a facet or edge of P such that F contains
no interior points. Up to GL3(Z)-equivalence, F' is one of the four possibilities shown in Table 5.

Lemma 5.2. Let P,Q) C Ng be two reflexive 3-polytopes such that Xq is obtained from Xp via a projection.
Then the corresponding blow-up of the face F of P introduces new vertices as given in Table 5.

Proof. We prove this only in case 2 in Table 5. The remaining cases are similar. We refer to Dais’
survey article [8] for background, and for the combinatorial interpretation. Let C' = cone((1,0,0), (1,a +
b,0),(1,a,1),(1,0,1)), where a,b € Z~¢. This is defined by the intersection of four half-spaces of the form
{v € Ng | (u;,v) > 0}, where the u; are given by (0,0,1),(0,1,0),(1,0,-1),(a + b, —1,—b) € M. Moving
these half-spaces in by one, we obtain the polyhedron:

4

m{v € Ng | (us,v) > 1} = cone((2,1,1),(2,2a+b—1,1)) + C.

i=1
Hence the blow-up is given by the subdivision of C' into four cones generated by inserting the rays (2,1, 1)
and (2,2a+b—1,1). O

Of course case 1 in Table 5 is a specialisation of case 2. However, since the point added is what is
important, we list it separately. When a =1, b = 0, or when a = 0, b = 2 in case 2, the coordinates of the
two points to be added coincide, so we add the single point (2,1, 1).

Definition 5.3. Two reflexive 3-polytopes P, C Ng are F-equivalent, and we write P L Q, if there
exists a finite sequence Py, Pi, ..., P, C Ng of reflexive polytopes satisfying:

(i) P and @ are unimodularly equivalent to Py and Py, respectively;
(ii) For each 1 < ¢ < k we have that either V(P;) C V(P;—1) or V(Pi—1) C V(F;).
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TABLE 5. The possible choices of faces to be blown-up, and corresponding points to be
added, when considering projections between Gorenstein toric Fano threefolds.

Face Points added
(1,0,1)
1 (3,1,1)
(1,0,0) (1,1,0)
(1,0,1) (1,a,1)
2 (2,1,1), (2,2a4+b—1,1)
._..—.
(1,0,0) (1,a,0) (1,a+b,0)
(1,0,2)
3 (1,0,1) (451) (3,2,2)

(1,0,0) (1,1,0) (1,2,0)

4 (1,0,0)e——e(1,1,0) (2,1,0)

(iii) If V(P;) € V(P;—1) then there exists a face F' of P; and ¢ € GL3(Z) such that ¢(F) is one of the
seven faces in Table 5. Furthermore, the points ¢(V(P;—1) \ V(P;)) are equal to the corresponding
points in Table 5, and OF C 9P;_1. The case when V(P;_1) C V(F;) is similar, but with the roles
of P,_; and P; exchanged.

rrPL Q@ then Xp and X¢ are related via a sequence of projections.

Remark 5.4. The requirement that OF C 9P, in Definition 5.3(iii) perhaps needs a little explanation.
Consider the case when F' is a facet. Adding the new vertices can affect a facet F’ adjacent to F', with
common edge FE, in one of three ways. Let ups € M be the primitive dual lattice vector defining the
hyperplane at height one containing F’. Let vi,...,vs € N be the points to be added according to
Table 5, so that P;_; = conv(P; U {v1,...,vs}).
(i) If (upr,v;) < 1for 1 <i<sthen F’is unchanged by the addition of the new vertices, and hence
F’ is also a facet of P;_.

(ii) Suppose that (up/,v;) =1 for 1 <i < m, and (up,v;) <1lform+1<i<s, for some 1 <m < s.
Then the facet F’ is transformed to the facet F”' := conv(F’ U {v1,..., v }) in P;_;. Notice that
F' C F”, but that E is no-longer an edge of F”. This is equivalent to a blow-up, followed by a
contraction of the curve corresponding to E.

(iii) The final possibility is that there exists one (or more) of the v; such that (up/,v;) > 1. When we
pass to P;_1 we see that F is no-longer contained in the boundary; in particular, int(E) C int(P;_1)
and so OF ¢ OP;_1. This case is excluded since it does not correspond to a projection between
the two toric varieties.

These three possibilities are illustrated in Figure 2.
By a simple computer calculation we obtain:
Corollary 5.5. Every reflexive 3-polytope is F-equivalent to T3.

Acknowledgement. The authors would like to thank Benjamin Nill for useful discussions. This paper
resulted from a visit of AH and AK to Stockholm University, supported by Nill’s Start-up Grant. AH
is partially supported by a JSPS Fellowship for Young Scientists and by JSPS Grant-in-Aid for Young
Scientists (B) §17K14177. AK is supported by EPRSC Fellowship EP/N022513/1.



12.

13.

14.
15.
16.

17.
18.
19.
20.
21.

22.

EQUIVALENCE CLASSES FOR SMOOTH FANO POLYTOPES 13

FIGURE 2. The three possible ways a facet I’ adjacent to F' can be modified when adding
a new vertex v. See Remark 5.4 for an explanation.

(iil) ups(v) > 1
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