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Abstract. Let Fn denote the set of smooth Fano polytopes of dimension n, up to unimodular equiva-

lence. We describe all of the F- and I-equivalence classes for n = 5, 6, and 7. We also give a complete

characterisation of F- and I-equivalence classes for smooth Fano n-polytopes with n + 3 vertices, and

describe a family of I-isolated smooth Fano polytopes in every dimension. We conclude by considering a

possible generalisation of F-equivalence to reflexive 3-polytopes.

1. Introduction

Let N ∼= Zn be a lattice of rank n, M = Hom(N,Z) ∼= Zn the dual lattice of N , and let P ⊂ NQ =

N ⊗Z Q ∼= Qn be an n-dimensional lattice polytope; that is, P is a convex polytope whose vertices V(P )

belong to the underlying lattice N . If the origin lies in the (strict) interior of P – that is, if 0 ∈ int(P ) –

and if the vertices of P are primitive – that is, if for each v ∈ V(P ) the line segment connecting v and 0

contains no lattice points other than the two end-points – then we call P Fano. We say that two polytopes

P and Q are unimodular-equivalent if there exists an affine map ϕ : NQ → NQ such that ϕ(N) = N and

ϕ(P ) = Q. Throughout we regard a Fano polytope as being defined only up to unimodular equivalence.

Fano polytopes are of significant importance in toric geometry: there is a one-to-one correspondence

between Fano polytopes (up to unimodular equivalence) and toric Fano varieties (up to isomorphism).

Given a Fano polytope P one can construct its spanning fan ΣP whose cones σ ∈ ΣP span the faces of P ,

and from ΣP one obtains a projective toric variety X. The anticanonical divisor −KX of X is an ample

Q-Cartier divisor; hence X is a Fano variety. Much of the geometry of X is encoded in the combinatorics

of ΣP . For details of toric geometry see [9, 11], and for an overview of Fano polytopes see [13].

A Fano polytope P said to be reflexive if the dual polytope

P ∗ = {u ∈MQ | 〈u, v〉 ≥ −1 for every v ∈ P}

is also a lattice polytope, where 〈 · , · 〉 denotes the natural pairing. A Fano polytope P is reflexive if

and only if P ∗ is reflexive. Reflexive polytopes correspond to Gorenstein toric Fano varieties, and were

introduced by Batryrev [3]. Their classification is known up to dimension four [16], where there are

473 800 776 unimodular equivalence classes.

A simplicial Fano polytope (that is, one whose facets are simplices) corresponds to a Q-factorial toric

Fano variety. A Fano polytope P is said to be smooth if the vertices of each facet of P forms a Z-basis

of the underlying lattice N . In particular, a smooth Fano polytope is both simplicial and reflexive. The

smooth Fano polytopes correspond to the nonsingular toric Fano varieties. Because of this important

correspondence, smooth Fano polytopes have been the focus of a great deal of research. Of particular

interest is their classification in each dimension. In dimension two the classification is well-known: there

are exactly five cases, corresponding to the five smooth toric del Pezzo surfaces (P2, P1×P1, and the blow-up

of P2 in at most three points). In dimension three the classification is due to Batyrev [1] and Watanabe–

Watanabe [22] (there are 18 cases) and in dimension four by Batyrev [4] and Sato [21] (124 cases). The five

dimensional classification, obtained by Kreuzer–Nill [15] by “unprojecting” the four-dimensional reflexive

classification, has 866 unimodular equivalence classes. Recently, an efficient algorithm to classify all n-

dimensional smooth Fano polytopes was described by Øbro [17,18]. This has allowed the classification up

to dimension nine; see Table 1.

Let Fn denote the set of unimodular equivalence classes of n-dimensional smooth Fano polytopes.

We shall consider the structure of Fn with respect to two equivalence relations: F-equivalence and I-

equivalence.
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Table 1. The number |Fn| of smooth Fano n-polytopes, n ≤ 9. Classifications at [6, 20].

n 1 2 3 4 5 6 7 8 9

|Fn| 1 5 18 124 866 7 622 72 256 749 892 8 229 721

Definition 1.1 (c.f. [21, Definitions 1.1 and 6.1], [19, Definition 1.1]). Two smooth Fano polytopes P,Q ∈
Fn are F-equivalent, and we write P

F∼ Q, if there exists a finite sequence P0, P1, . . . , Pk ∈ Fn of smooth

Fano polytopes satisfying:

(i) P and Q are unimodular-equivalent to P0 and Pk, respectively;

(ii) For each 1 ≤ i ≤ k we have either that V(Pi) = V(Pi−1) ∪ {w}, where w /∈ V(Pi−1), or that

V(Pi−1) = V(Pi) ∪ {w}, where w 6∈ V(Pi);

(iii) If w ∈ V(Pi) \ V(Pi−1) then there exists a proper face F of Pi−1 such that

w =
∑

v∈V(F )

v

and the set of facets of Pi containing w is equal to

{conv ({w} ∪ V(F ′) \ {v}) | F ′ is a facet of Pi−1, F ⊂ F ′, v ∈ V(F )} .

In other words, Pi is obtained by taking a stellar subdivision of Pi−1 with w. Similarly, if w ∈
V(Pi−1) \ V(Pi) then Pi−1 is given by a stellar subdivision of Pi with w.

Definition 1.2 (c.f. [12, §4], [19, §1]). Two smooth Fano polytopes P,Q ∈ Fn are I-equivalent, and we

write P
I∼ Q, if there exists a finite sequence of smooth Fano polytopes satisfying conditions (i) and (ii)

in Definition 1.1.

Remark 1.3. We make the following observations on the definitions of F- and I-equivalence.

(i) Clearly if P
F∼ Q then P

I∼ Q.

(ii) These definitions can be naturally expressed in terms of fans.

(iii) Condition (iii) in Definition 1.1 should be interpreted as stating that the two nonsingular toric Fano

varieties XPi−1
and XPi

obtained from ΣPi−1
and ΣPi

, respectively, are related via an equivariant

blow-up.

(iv) I-equivalence does not necessarily correspond to an equivariant blow-up.

Example 1.4. Let e1, . . . , en be the unit coordinate vectors of N ∼= Zn and let

Tn = conv({e1, . . . , en,−(e1 + · · ·+ en)}).

Then Tn is a smooth Fano polytope, with corresponding toric varietyXTn equal to n-dimensional projective

space Pn. Note that this is the unique smooth Fano n-polytope with n + 1 vertices (up to unimodular

equivalence). For a given positive integer k, let

V 2k = conv({±e1, . . . ,±e2k,±(e1 + · · ·+ e2k)}), Ṽ 2k = conv({±e1, . . . ,±e2k, e1 + · · ·+ e2k)}.

These are smooth Fano 2k-polytopes, and V 2k I∼ Ṽ 2k I∼ T 2k, but V 2k 6F∼ Ṽ 2k when k ≥ 2.

Recall that a polytope P is pseudo-symmetric if P contains a facet F such that −F is also a facet of P .

By Ewald [10] we know that every pseudo-symmetric smooth Fano polytope is unimodular-equivalent to

p⊕
i=1

V 2li ⊕
q⊕
j=1

Ṽ 2mj ⊕
r⊕

k=1

Tnk ,

where for two reflexive polytopes P ⊂ NQ and Q ⊂ N ′Q, P ⊕Q = conv(P × {0} ∪ {0} ×Q) ⊂ (N +N ′)Q
denotes the free sum of P and Q. The free sum of two smooth Fano polytopes corresponds to the direct

product of two nonsingular toric Fano varieties.
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Figure 1. The F-equivalence relations between P ∈ F5, P 6F∼ T 5. See Remark 2.1 for details.
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Dimensions 2, 3, and 4. Sato [21] investigated the F-equivalence classes for Fn when n ≤ 4. In two

dimensions, every P ∈ F2 is F-equivalent to T 2, and in three dimensions every P ∈ F3 is F-equivalent

to T 3. In four dimensions F4 consists of three F-equivalence classes, the largest of which – consisting of

122 smooth Fano 4-polytopes – contains T 4. The two remaining F-equivalence classes correspond to those

P
F∼ V 4 and to those P

F∼ Ṽ 4.

Example 1.5 (Øbro’s example). Sato conjectured that any smooth Fano n-polytope is either F-equivalent

to Tn or is pseudo-symmetric [21, Conjecture 1.3 and 6.3]. This holds when n ≤ 4, however Øbro [19]

provides a counterexample in dimension five: a smooth Fano polytope

P = conv{e1, e2, e3, e4,±e5, (−1,−1,−1, 0, 3), (0, 1, 1,−1,−1)} ∈ F5

with 8 vertices which is neither pseudo-symmetric nor I-equivalent to any other smooth Fano 5-polytope.

In this paper we continue the investigation of F- and I-equivalence classes for Fn. In §2 we begin by

determining all F- and I-equivalence classes for Fn, 5 ≤ n ≤ 7. In §4 we introduce F- and I-isolated smooth

Fano polytopes and, in Theorem 4.2, characterise those F- and I-isolated polytopes with n+ 3 vertices. In

Theorem 4.3 and Corollary 4.6 we generalise the example of Øbro by constructing a family of I-isolated

smooth Fano n-polytopes with n + ρ vertices for all n ≥ 5 and 3 ≤ ρ ≤ n. Finally, we conclude in §5 by

considering a generalisation of F-equivalence to reflexive 3-polytopes.

2. Equivalence classes for smooth Fano polytopes in dimensions 5, 6, and 7

We now describe all F- and I-equivalence classes for F5, and enumerate the F- and I-components for F6

and F7. The results are summarised in Table 2 (the cases 2 ≤ n ≤ 4 are due to Sato [21]). Figure 1 shows

all of the smooth Fano 5-polytopes which are not F-equivalent to T 5.

Table 2. The number of F- and I-equivalence classes for Fn, n ≤ 7.

n 1 2 3 4 5 6 7

F-equivalence 1 1 1 3 27 441 6132

I-equivalence 1 1 1 1 4 43 436

Remark 2.1. Each circled number in Figure 1 corresponds to a smooth Fano 5-polytope P ∈ F5 with

5 + ρ vertices, 3 ≤ ρ ≤ 7; the number is the ID of P in [6]. Two circles are connected by a line if the

corresponding polytopes are F-equivalent. A double circle indicates that P is I-isolated: that is P 6 I∼ Q for

any Q ∈ F5 \{P}. The polytope in Example 1.5 has ID 164, and is I-isolated. Figure 1 has 26 F-connected

components; there are 38 polytopes which are not F-equivalent to T 5. The polytopes with a single circle

are I-equivalent to T 5; only 3 polytopes are not I-equivalent to T 5.

The number of F- and I-equivalence classes for F6 and F7 are listed in Tables 3 and 4. These were

generated by computer1 using the computational algebra system Magma [5]. These tables do not contain

1Computer code and output listing the elements in each equivalence class are available from [6].
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the equivalence class generated by Tn. There are 282 F- and 34 I-isolated smooth Fano 6-polytopes; there

are 3839 F- and 323 I-isolated smooth Fano 7-polytopes. The number of F- and I-equivalence classes for

Fn is given by the sum of the second row in the corresponding table, plus 1 (the excluded class of Tn).

Table 3. The number of F- and I-components for F6, excluding the class containing T 6

#representatives 1 2 3 4 5 6 9 10 11 15 16 23

F-components 282 80 47 14 8 3 1 1 1 1 1 1

#representatives 1 2 3 5

I-components 34 5 2 1

Table 4. The number of F- and I-components for F7, excluding the class containing T 7

#representatives 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

F-components 3839 1163 545 215 118 60 29 31 30 13 14 8 5 1 7 5 6 6

19 20 21 22 23 25 26 27 28 30 32 35 37 39 40 41 42 52 69 73 89 109

1 2 6 2 2 1 1 1 2 2 1 3 1 1 2 1 1 1 1 2 1 1

#representatives 1 2 3 4 5 6 7 8 9 11

I-components 323 67 13 11 9 4 4 2 1 1

3. Primitive collections

For a smooth Fano polytope P ⊂ NQ let ΣP = {cone(F ) ⊂ NQ | F is a face of P} denote the spanning

fan of P . Then ΣP is a complete nonsingular fan in N . For any complete nonsingular fan Σ in N , let

G(Σ) denote the set of primitive vectors in N corresponding to the rays of Σ. We recall the following key

definitions from Batyrev [2].

(i) A subset ∅ 6= A ⊂ G(Σ) is called a primitive collection of Σ if cone(A) 6∈ Σ but cone(A \ {x}) ∈ Σ

for every x ∈ A. The set of all primitive collections of Σ is denoted by PC(Σ).

(ii) Let A = {x1, . . . , xl} ∈ PC(Σ). If x1 + · · · + xl 6= 0 then there is a unique cone(y1, . . . , ym) ∈ Σ

such that x1 + · · · + xl = a1y1 + · · · + amym, where ai ∈ Z>0. The relation x1 + · · · + xl = 0 or

x1 + · · ·+ xl = a1y1 + · · ·+ amym is called the primitive relation for A.

(iii) Let A ∈ PC(Σ) have primitive relation x1 + · · · + xl = a1y1 + · · · + amym, The integer deg(A) =

l − (a1 + · · ·+ am) is called the degree of A.

In the case of a smooth Fano polytope P we will write PC(P ) in place of PC(ΣP ).

Proposition 3.1 ([4], [21, Theorem 3.10]). Let Σ be a complete nonsingular fan. Then deg(A) > 0 for

all A ∈ PC(Σ) if and only if there exists a smooth Fano polytope P such that Σ = ΣP .

The primitive relations for smooth Fano n-polytopes with n+2 or n+3 vertices are completely characterised:

Proposition 3.2 ([14, Theorem 1]). Let P be a smooth Fano n-polytope with n+ 2 vertices v1, . . . , vn+2.

Then, up to relabelling of the vertices, the primitive relations are of the form

v1 + · · ·+ vk = 0 for some 2 ≤ k ≤ n,
vk+1 + · · ·+ vn+2 = a1v1 + · · ·+ akvk with ai ≥ 0 and n+ 2− k > a1 + · · ·+ ak.

Proposition 3.3 ([2, Theorem 6.6]). Let P be a smooth Fano n-polytope with n + 3 vertices. Then one

of the following holds:

(i) P consists of three disjoint primitive collections, i.e. PC(P ) = {A1, A2, A3} with Ai ∩Aj = ∅ for

each i 6= j;
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(ii) |PC(P )| = 5 and there exist p0, p1, p2, p3, p4 ∈ Z>0 with p0+ · · ·+p4 = n+3 such that the primitive

relations are of the form

(3.1)

v1 + · · ·+ vp0 + y1 + · · ·+ yp1 = c2z2 + · · ·+ cp2zp2 + (d1 + 1)t1 + · · ·+ (dp3 + 1)tp3 ,

y1 + · · ·+ yp1 + z1 + · · ·+ zp2 = u1 + · · ·+ up4 ,

z1 + · · ·+ zp2 + t1 + · · ·+ tp3 = 0,

t1 + · · ·+ tp3 + u1 + · · ·+ up4 = y1 + · · ·+ yp1 ,

u1 + · · ·+ up4 + v1 + · · ·+ vp0 = c2z2 + · · ·+ cp2zp2 + d1t1 + · · ·+ dp3tp3 ,

where V(P ) = {v1, . . . , vp0 , y1, . . . , yp1 , z1, . . . , zp2 , t1, . . . , tp3 , u1, . . . , up4}, c2, . . . , cp2 , d1, . . . , dp3 ∈
Z≥0, and the degree of each of these primitive relations is positive.

We also recall the following useful lemma.

Lemma 3.4 ([7, Corollary 4.4], [19, Lemma 3.1]). Let

(3.2) v1 + · · ·+ vk = a1w1 + · · ·+ amwm

be a linear relation between some vertices of a smooth Fano polytope P such that ai ∈ Z>0 and {v1, . . . , vk}∩
{w1, . . . , wm} = ∅. Suppose that k−(a1+· · ·+am) = 1 and conv(w1, . . . , wm) is a face of P . Then (3.2) is

a primitive relation. Moreover, for each face F of P with {w1, . . . , wm} ⊂ V(F ), conv(V(F )∪{v1, . . . , vk}\
{vi}) is also a face of P for every 1 ≤ i ≤ k.

4. I-isolated smooth Fano polytopes

Definition 4.1. Let P be a smooth Fano n-polytope. We say that P is F-isolated (respectively, I-isolated)

if P 6F∼ Q (respectively, P 6 I∼ Q) for any Q ∈ Fn \ {P}. Clearly if P is I-isolated then P is F-isolated.

First we characterise the primitive relations for an I-isolated smooth Fano n-polytope with n+3 vertices.

Note that such a polytope is of dimension at least five.

Theorem 4.2. Let P be a smooth Fano n-polytope with n+ 3 vertices. The following three conditions are

equivalent:

(i) P is F-isolated;

(ii) P is I-isolated;

(iii) The primitive relations in P are of the form

(4.1)

v1 + · · ·+ va + y1 + · · ·+ yb = (a+ b− 1)t,

y1 + · · ·+ yb + z = u1 + · · ·+ ub,

z + t = 0,

t+ u1 + · · ·+ ub = y1 + · · ·+ yb,

u1 + · · ·+ ub + v1 + · · ·+ va = (a+ b− 2)t,

where V(P ) = {v1, . . . , va, y1, . . . , yb, z, t, u1, . . . , ub}, a ≥ 2, b ≥ 2, and n = a+ 2b− 1.

Proof. (i) ⇒ (iii): Assume that P is F-isolated. Since |V(P )| = n+ 3, from Proposition 3.3 we know that

the primitive relations are of the form (3.1). In what follows we will consider the complete nonsingular

fan obtained by introducing a new ray cone(w), w =
∑
v∈G(σ) v, for some σ ∈ ΣP and taking the stellar

subdivision. By considering the primitive relations, we will prove that if there does not exist a smooth

Fano polytope Q 6= P with P
F∼ Q, then the primitive relations in P are of the form (4.1).

For a face F ⊂ P , let Σ∗F (P ) denote the complete nonsingular fan obtained by taking a stellar subdivision

of ΣP with the ray cone(w), where w =
∑
v∈V(F ) v =

∑
v∈G(cone(F )) v. Suppose first that p1 = 1 or p4 = 1.

Then by [21, Proposition 8.3] we obtain a new smooth Fano n-polytope with n + 2 vertices which is

F-equivalent to P , a contradiction. Hence p1 ≥ 2 and p4 ≥ 2.

Now suppose that p0 = 1. Since {v1, z1} is not contained in PC(P ), so conv(v1, z1) is a face of P . We

consider a stellar subdivision of ΣP with the (ray through the) lattice point w = v1 + z1 and the complete
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nonsingular fan Σ∗conv(v1,z1)(P ). The new primitive relations involving w are (see [21, Theorem 4.3]):

w + y1 + · · ·+ yp1 = (c2 − 1)z2 + · · ·+ (cp2 − 1)zp2 + d1t1 + · · ·+ dp3tp3 ,

w + z2 + · · ·+ zp2 + t1 + · · ·+ tp3 = v1,

u1 + · · ·+ up4 + w = (c2 − 1)z2 + · · ·+ (cp2 − 1)zp2 + (d1 − 1)t1 + · · ·+ (dp3 − 1)tp3 .

Since the degrees of these primitive relations are positive, by Proposition 3.1 there exists a smooth Fano

polytope Q with Σ∗conv(v1,z1)(P ) = ΣQ. In particular P
F∼ Q, a contradiction. Hence p0 ≥ 2.

Suppose that p1 + p2 − p4 ≥ 2. Then we see that the complete nonsingular fan Σ∗conv(y1,z1)(P ) is the

spanning fan of a smooth Fano polytope, a contradiction. Thus p1 +p2−p4 ≤ 1. On the other hand, since

{y1, . . . , yp1 , z1, . . . , zp2} is a primitive collection of P and its degree is equal to p1 + p2 − p4, we obtain

that p1 + p2 − p4 ≥ 1 by Proposition 3.1. We conclude that p1 + p2 − p4 = 1. Similarly, suppose that

p3 + p4 − p1 ≥ 2. Then we see that the complete nonsingular fan Σ∗conv(t1,u1)
(P ) is the spanning fan of a

smooth Fano polytope, a contradiction. Thus p3 + p4− p1 ≤ 1. Moreover, since {t1, . . . , tp3 , u1, . . . , up4} is

a primitive collection of P with degree p3 + p4− p1, we have that p3 + p4− p1 ≥ 1. Hence p3 + p4− p1 = 1.

Since p1 + p2 − p4 = p3 + p4 − p1 = 1, we see that p2 = p3 = 1 and p1 = p4.

In a similar fashion, suppose that p0+p1−(d1+1) ≥ 2. Since the complete nonsingular fan Σ∗conv(v1,v2)(P )

comes from a smooth Fano polytope we have a contradiction. Thus p0 + p1 − (d1 + 1) ≤ 1. On the other

hand, since {v1, . . . , vp0 , y1, . . . , yp1} is a primitive collection of P of degree p0 + p1 − (d1 + 1), we obtain

that p0 + p1 − (d1 + 1) ≥ 1. Hence d1 = p0 + p1 − 2. We obtain the desired primitive relations (4.1).

(iii) ⇒ (ii): Let

vi = ei, i = 1, . . . , a− 1, va = −e1 − · · · − ea+2b−2 + (a+ b− 1)ea+2b−1,

yj = ea−1+j , j = 1, . . . , b− 1, yb = ea+b−1 + · · ·+ ea+2b−2,

z = −ea+2b−1, t = ea+2b−1,

uj = ea+b−1+j , j = 1, . . . , b− 1, ub = ea + · · ·+ ea+b−1 − ea+2b−1,

and set V = {v1, . . . , va}, Y = {y1, . . . , yb}, and U = {u1, . . . , ub}. Define P = conv(V ∪ Y ∪ {z, t} ∪ U).

By construction the primitive relations in P are of the form (4.1). We will show that P is I-isolated.

First, we prove there is no smooth Fano n-polytope Q with n + 2 vertices such that V(Q) ⊂ V(P ).

Suppose for a contradiction that such a Q exists. Write V(Q) = V(P ) \ {w}. Assume that w ∈ {z, t}. In

this case, although there must be a primitive collection A ∈ PC(Q) with
∑
v∈A v = 0 by Proposition 3.2,

no non-empty subset of V(Q) adds to 0, a contradiction. Assume instead that w ∈ V . Then w = vi
for some 1 ≤ i ≤ a. However, for each 1 ≤ j ≤ a − 1 (respectively, j = a), the j-th coefficient of each

V(P ) \ {vj} is non-positive (respectively, non-negative). Thus Q cannot contain the origin in its interior,

a contradiction. Finally, assume that w ∈ Y ∪ U . Let A be a primitive collection of Q with
∑
v∈A v = 0.

Then A = {z, t}. By Proposition 3.2,
∑
x∈(V ∪Y ∪U)\{w} x should be expressed as a linear combination of z

and t, which is a contradiction.

Second, we prove there exists is no smooth Fano n-polytope R with n+4 vertices such that V(P ) ⊂ V(R).

Suppose for a contradiction that such an R exists, and let V(R) = V(P )∪ {w} for some w ∈ N . Since t is

a vertex of R, by Lemma 3.4 the relation

(4.2) v1 + · · ·+ va + y1 + · · ·+ yb = (a+ b− 1)t

is a primitive relation in R. Hence conv((V \ {v})∪ Y ∪ {t}) is a face of R for every v ∈ V . Since we have

the relation

(4.3) t+ u1 + · · ·+ ub = y1 + · · ·+ yb,

we obtain that (4.3) is also a primitive relation in R, and

conv((V \ {v}) ∪ Y ∪ {t} ∪ (U \ {u})) and conv((V \ {v}) ∪ Y ∪ U)

are facets of R for every v ∈ V and u ∈ U . Moreover, since conv((V \ {v}) ∪ Y ∪ {t} ∪ (U \ {u})) is a face

of R, we obtain that

conv(V ∪ (Y \ {y}) ∪ {t} ∪ (U \ {u}))
is a facet of R for every y ∈ Y and u ∈ U by (4.2). In addition, from the relation

(4.4) y1 + · · ·+ yb + z = u1 + · · ·+ ub,
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since conv((V \ {v})∪Y ∪U) is a face of R we obtain that (4.4) is also a primitive relation in R and hence

conv((V \ {v}) ∪ (Y \ {y}) ∪ {z} ∪ U)

is also a facet of R for every v ∈ V and y ∈ Y . Therefore R contains the following four kinds of facets:

(i) conv((V \ {v}) ∪ Y ∪ {t} ∪ (U \ {u})), where v ∈ V, u ∈ U ;

(ii) conv((V \ {v}) ∪ Y ∪ U), where v ∈ V ;

(iii) conv(V ∪ (Y \ {y}) ∪ {t} ∪ (U \ {u})), where y ∈ Y, u ∈ U ;

(iv) conv((V \ {v}) ∪ (Y \ {y}) ∪ {z} ∪ U), where v ∈ V, y ∈ Y .

But these are also facets of P , thus for any these facets F , w is not contained in cone(F ). Hence w must

be contained in the cone generated by the remaining facet of P ,

w ∈ cone(V ∪ (Y \ {y}) ∪ {z} ∪ (U \ {u}))

for some y ∈ Y and u ∈ U . Without loss of generality we may assume that w ∈ cone(V ∪ (Y \ {yb}) ∪
{z} ∪ (U \ {ub})). Let

w = c1v1 + · · ·+ ca−1va−1 + cay1 + · · ·+ca+b−2yb−1 + ca+b−1va+

ca+bu1 + · · ·+ ca+2b−2ub−1 + ca+2b−1z,

where ci ∈ Z≥0. Let F = conv(V ∪ Y ′ ∪ {t} ∪ U ′), where Y ′ = Y \ {yb} and U ′ = U \ {ub}. Then F

is a facet of R. Let F ′ be the unique facet of R such that F ∩ F ′ is a ridge (i.e. a face of dimension

n − 2) of R with V(F ) \ V(F ′) = {t}. Then V(F ′) \ V(F ) = {w}. In fact, for each w′ ∈ {yb, ub},
conv(V ∪ Y ′ ∪ U ′ ∪ {w′}) cannot be a face of R because conv(V ∪ Y ) and conv(V ∪ U) cannot be a face,

and for z, conv(V ∪Y ′ ∪{z}∪U ′) is not a face by assumption. Hence by [19, Lemma 2.1], t+w lies in the

linear subspace spanned by V ∪ Y ′ ∪U ′. Therefore, from the relation z+ t = 0, we have that ca+2b−1 = 1.

Moreover it follows from [19, Lemma 2.1] that

1 > 〈aF , w〉 =

a+2b−2∑
i=1

ci − 1 > 〈aF , z〉 = −1,

where aF is the lattice vector defining F , i.e. F = {α ∈ P | 〈aF , α〉 = 1}. Thus
∑a+2b−2
i=1 ci = 1. Hence w

can be written as w = z +w′′ for some w′′ ∈ V ∪ Y ′ ∪ U ′. Let G = conv((V \ {v}) ∪ Y ∪ U). Since G is a

facet of R for each v ∈ V and the relation y1 + · · ·+ yb + w = u1 + · · ·+ ub + w′′ holds, we see that w is

also contained in G – that is, R is not simplicial, which is a contradiction.

(ii) ⇒ (i): This is obvious. �

Next, we describe a family of I-isolated smooth Fano polytopes.

Theorem 4.3. Let a ≥ 2, b ≥ 1, k ≥ 1, and lj ≥ 1 for j = 1, . . . , k. Then there exists an I-isolated (and

hence F-isolated) smooth Fano polytope P of dimension n = a+ 2b− 1 +
∑k
j=1 lj with n+ k + 3 vertices

whose primitive relations are of the form

(4.5)

v1 + · · ·+ va + y1 + · · ·+ yb = (a+ b− 1)t,

y1 + · · ·+ yb + z = u1 + · · ·+ ub,

z + t = 0,

t+ u1 + · · ·+ ub = y1 + · · ·+ yb,

u1 + · · ·+ ub + v1 + · · ·+ va = (a+ b− 2)t,

w1,1 + · · ·+ wl1+1,1 = α1,1 + · · ·+ αl1,1,

w1,2 + · · ·+ wl2+1,2 = α1,2 + · · ·+ αl2,2,

...

w1,k + · · ·+ wlk+1,k = α1,k + · · ·+ αlk,k,

where V(P ) = {v1, . . . , va, y1, . . . , yb, z, t, u1, . . . , ub} ∪
⋃k
j=1{w1,j , . . . , wlj+1,j} and {αi,j | 1 ≤ i ≤ lj , 1 ≤

j ≤ k} = {yq, uq | 1 ≤ q ≤ b}.
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Proof. Let

vi = ei, i = 1, . . . , a− 1, va = −e1 − · · · − ea+2b−2 + (a+ b− 1)ea+2b−1,

yj = ea−1+j , j = 1, . . . , b− 1, yb = ea+b−1 + · · ·+ ea+2b−2,

z = −ea+2b−1, t = ea+2b−1,

uj = ea+b−1+j , j = 1, . . . , b− 1, ub = ea + · · ·+ ea+b−1 − ea+2b−1,

wi,j = ea+2b−1+
∑j−1

q=1 lq+i
, i = 1, . . . , lj , j = 1, . . . , k,

wlj+1,j = −ea+2b−1+
∑j−1

q=1 lq+1 − · · · − ea+2b−1+
∑j

q=1 lq
+

lj∑
i=1

αi,j , j = 1, . . . , k,

and set V = {v1, . . . , va}, Y = {y1, . . . , yb}, U = {u1, . . . , ub}, and Wj = {wi,j | 1 ≤ i ≤ lj + 1} for each

1 ≤ j ≤ k. Define P = conv(V ∪Y ∪{z, t}∪U ∪W ), where W =
⋃k
j=1Wj . By construction P is a smooth

Fano polytope of dimension n = a + 2b − 1 +
∑k
i=1 lj with n + k + 3 vertices, and its primitive relations

are of the form (4.5). By Lemmas 4.4 and 4.5 below we see that P is I-isolated. �

Lemma 4.4. Let P be the polytope given in the proof of Theorem 4.3. There does not exist a smooth Fano

n-polytope Q with n+ k + 2 vertices such that V(Q) ⊂ V(P ).

Proof. We follow the notation of the proof of Theorem 4.3. Suppose that there is a smooth Fano n-polytope

Q with n+k+ 2 vertices such that V(Q) = V(P )\{x}, where x ∈ V(P ) = V ∪Y ∪{z, t}∪U ∪W . Assume

that x ∈ {z, t}. In this case, although there must be a primitive collection A ∈ PC(Q) with
∑
v∈A v = 0

by Proposition 3.2, no non-empty subset of V(P ) \ {x} sums to 0. This is a contradiction.

Assume now that x ∈ V . Then x = vi for some 1 ≤ i ≤ a. Notice that for each 1 ≤ j ≤ a − 1

(respectively, j = a) the j-th entry of each vertex V(P ) \ {vj} is non-positive (respectively, non-negative).

Thus Q cannot contain the origin in its interior, a contradiction. Similarly if x ∈W .

Assume that x ∈ Y . Without loss of generality we assume x = yb. For each 1 ≤ j ≤ k, set mj =

|{i | αi,j = yb, 1 ≤ i ≤ lj}| and m′j = |{i | αi,j = ub, 1 ≤ i ≤ lj}|. Let r be an index attaining max{(mj −
1)/(m′j + 1) | 1 ≤ j ≤ k}, and consider

F = conv
(
(V \ {va}) ∪ (Y \ {yb}) ∪ {z} ∪ (U \ {ub}) ∪ (W \ {wlj+1,j | 1 ≤ j ≤ k, j 6= r})

)
.

Then F is a face of Q. In fact, let

a =
∑

1≤q≤n
q 6=a+b−1

eq +

(
1 +m′r
mr +m′r

− b+ 2

)
ea+b−1.

We make the following observations.

(i) We have: 〈a, vi〉 = 1 for each 1 ≤ i ≤ a− 1; 〈a, t〉 = 1; 〈a, yj〉 = 〈a, uj〉 = 1 for each 1 ≤ j ≤ b− 1;

and 〈a, wi,j〉 = 1 for each 1 ≤ i ≤ lj , 1 ≤ j ≤ k.

(ii) Since wlr+1,r =
∑lr
j=1(αj,r − wj,r) we have:

〈a, wlr+1,r〉 =

lr∑
j=1

〈a, αj,r〉 −
lr∑
j=1

〈a, wj,r〉

= (mr〈a, yb〉+m′r〈a, ub〉+ (lr −mr −m′r))− lr

= mr

(
1 +

1 +m′r
mr +m′r

)
+m′r

1 +m′r
mr +m′r

−mr −m′r = 1.

(iii) We have 〈a, va〉 = −(1 +m′r)/(mr +m′r) < 1 and 〈a, z〉 = −1 < 1.

(iv) Moreover, we have 〈a, ub〉 = (1+m′r)/(mr+m′r). Thus 〈a, ub〉 = 1 if mr = 1, otherwise 〈a, ub〉 < 1.
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(v) In addition, for each 1 ≤ j ≤ k, we also have:

〈a, wlj+1,j〉 =

lj∑
i=1

〈a, αi,j〉 −
lj∑
i=1

〈a, wi,j〉

= mj

(
1 +

1 +m′r
mr +m′r

)
+m′j

1 +m′r
mr +m′r

+ (lj −mj −m′j)− lj

=
mj(m

′
r + 1)−m′j(mr − 1)

mr +m′r
≤ mr +m′r
mr +m′r

= 1.

Here the inequality mj(m
′
r + 1) − m′j(mr − 1) ≤ mr + m′r follows from the the maximality of

(mr − 1)/(m′r + 1), i.e. this inequality is equivalent to (mr − 1)/(m′r + 1) ≥ (mj − 1)/(m′j + 1).

If mr = 1 then F contains at least n+ 1 vertices, since ub ∈ F . Hence Q is not simplicial, a contradiction.

If mr > 1 then (1+m′r)/(mr+m′r) is not an integer, and so Q is not reflexive, which is also a contradiction.

Assume that x ∈ U . Without loss of generality we assume x = ub. For each 1 ≤ j ≤ k, let mj and m′j
be as above. Let s be the index attaining max{(m′j − 1)/(mj + 1) | 1 ≤ j ≤ k} and consider

G = conv
(
(V \ {va}) ∪ (Y \ {yb}) ∪ {z} ∪ (U \ {ub}) ∪ (W \ {wlj+1,j | 1 ≤ j ≤ k, j 6= s})

)
.

Then G is a face of Q. In fact, let

b =
∑

1≤q≤n
q 6=a+b−1
q 6=a+2b−1

eq +

(
1 +ms

ms +m′s
− b+ 1

)
ea+b−1 − ea+2b−1.

We make the following observations.

(i) We have: 〈b, vi〉 = 1 for each 1 ≤ i ≤ a− 1; 〈b, z〉 = 1; 〈b, yj〉 = 〈b, uj〉 = 1 for each 1 ≤ j ≤ b− 1;

and 〈b, wi,j〉 = 1 for each 1 ≤ i ≤ lj , 1 ≤ j ≤ k.

(ii) We have:

〈b, wls+1,s〉 =

ls∑
j=1

〈b, αj,s〉 −
ls∑
j=1

〈b, wj,s〉 = 1.

(iii) We have 〈b, va〉 < −2a− 2b+ 3 < 1 and 〈b, t〉 = −1 < 1.

(iv) Moreover, we have 〈b, yb〉 = (1+ms)/(ms+m′s). Thus 〈b, yb〉 = 1 if m′s = 1, otherwise 〈b, yb〉 < 1.

(v) In addition, for each 1 ≤ j ≤ k, we also have:

〈b, wlj+1,j〉 =

lj∑
i=1

〈b, αi,j〉 −
lj∑
i=1

〈b, wi,j〉 ≤ 1.

As before we obtain a contradiction. �

Lemma 4.5. Let P be the polytope given in the proof of Theorem 4.3. There does not exist a smooth Fano

n-polytope R with n+ k + 4 vertices such that V(P ) ⊂ V(R).

Proof. Suppose for a contradiction that there exists a smooth Fano n-polytope R with n+ k + 4 vertices

such that V(R) = V(P ) ∪ {x}, where x ∈ N . Since the linear relation

v1 + · · ·+ va + y1 + · · ·+ yb = (a+ b− 1)t(4.6)

amongst the vertices of R holds, and since t is a vertex of R, by Lemma 3.4 this is a primitive relation in

R and conv(Y ) is a face of R. Hence the relation

t+ u1 + · · ·+ ub = y1 + · · ·+ yb(4.7)

is also a primitive relation in R and conv(U) is also a face of R. Hence the relation

y1 + · · ·+ yb + z = u1 + · · ·+ ub(4.8)

is also a primitive relation in R. Moreover, conv(Y ∪ U) is also a face of R, and so is conv(T ) for each

T ⊂ Y ∪ U . Hence

w1,j + · · ·+ wlj+1,j = x1,j + · · ·+ xlj ,j(4.9)
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is also a primitive relation in R for each 1 ≤ j ≤ k. Thus, by Lemma 3.4,

conv

Y ∪ U ∪ k⋃
j=1

(Wj \ {w(j)})


is a face of R for each w(j) ∈Wj , as is

conv

Y ∪ {t} ∪ (U \ {u}) ∪
k⋃
j=1

(Wj \ {w(j)})


for each u ∈ U (by (4.7)). From (4.6) and Lemma 3.4 we obtain that

conv

(V \ {v}) ∪ Y ∪ {t} ∪ (U \ {u}) ∪
k⋃
j=1

(Wj \ {w(j)})


is a facet of R for each v ∈ V , u ∈ U and w(j) ∈Wj . By (4.7) and Lemma 3.4 we obtain that

conv

(V \ {v}) ∪ Y ∪ U ∪
k⋃
j=1

(Wj \ {w(j)})


is also a facet of R. Similarly we have that

conv

V ∪ (Y \ {y}) ∪ {t} ∪ (U \ {u}) ∪
k⋃
j=1

(Wj \ {w(j)})

 and

conv

(V \ {v}) ∪ (Y \ {y}) ∪ {z} ∪ U ∪
k⋃
j=1

(Wj \ {w(j)})


are also facets of R (from (4.6), (4.7), (4.8) and Lemma 3.4).

These four kinds of facets of R are also facets of P . In addition, P contains one more kind of facet,

which is of the form

conv

V ∪ (Y \ {y}) ∪ {z} ∪ (U \ {u}) ∪
k⋃
j=1

(Wj \ {w(j)})


where y ∈ Y , u ∈ U , and w(j) ∈Wj . Therefore x must belong to the cone generated by this facet, i.e.

x ∈ cone

V ∪ (Y \ {y}) ∪ {z} ∪ (U \ {u}) ∪
k⋃
j=1

(Wj \ {w(j)})

 .(4.10)

Without loss of generality, we may assume that y = yb, u = ub, and w(j) = wlj+1,j for each 1 ≤ j ≤ k. Let

x = c1v1+ · · ·+ ca−1va−1 + cay1 + · · ·+ ca+b−2yb−1 + ca+b−1va+

ca+bu1 + · · ·+ ca+2b−2ub−1 + ca+2b−1z + ca+2bw1,1 + ca+2b+1w2,1 + · · ·+ cnwlk,k.

Let F = conv(V ∪Y ′ ∪{t}∪U ′ ∪
⋃k
j=1W

′
j), where Y ′ = Y \ {yb}, U ′ = U \ {ub}, and W ′j = Wj \ {wlj+1,j}

for 1 ≤ j ≤ k. Then F is a facet of R. Let F ′ be the unique facet of R such that F ∩ F ′ is a ridge of R

with V(F ) \ V(F ′) = {t}. Then it must be that V(F ′) \ V(F ) = {x}. In fact, by considering the primitive

relations (4.5) and the assumption (4.10), the vertices yb, z, ub, and wlj+1,j cannot belong to V(F ′). Thus,

by [19, Lemma 2.1], x+ t lies in the linear subspace spanned by V ∪Y ′ ∪U ′ ∪
⋃k
j=1W

′
j . From the relation

z + t = 0 we have ca+2b−1 = 1. Moreover, again from [19, Lemma 2.1],

1 > 〈aF , x〉 =
∑

1≤i≤n
i 6=a+2b−1

ci − 1 > 〈aF , z〉 = −1,

where aF is the lattice vector defining F . Thus∑
1≤i≤n

i 6=a+2b−1

ci = 1.
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Namely, x can be written in the form x = z + γ for some γ ∈ V ∪ Y ′ ∪ U ′ ∪
⋃k
j=1W

′
j .

We have the relation y1 + · · ·+yb+x = u1 + · · ·+ub+γ. Moreover, for every γ ∈ V ∪Y ′∪U ′∪
⋃k
j=1W

′
j

there exists a face F ′′ of R containing y1, . . . , yb, u1, . . . , ub, and γ. Thus x must be contained in F ′′. This

is a contradiction, since R is simplicial. �

As an immediate corollary of Theorem 4.3 we obtain:

Corollary 4.6. There exists an I-isolated smooth Fano n-polytope with n+ ρ vertices for every n ≥ 5 and

3 ≤ ρ ≤ n.

Proof. If ρ = 3 set a = n−3 and b = 2. By Theorem 4.2 there exists an I-isolated smooth Fano n-polytope

with n+ 3 vertices. Now suppose that ρ ≥ 4.

(i) If ρ = 4 set a = n− 3, b = 1, k = 1, and l1 = 2.

(ii) If ρ ≥ 5 set a = n− ρ+ 2, b = 1, k = ρ− 3, and lj = 1 for each 1 ≤ j ≤ k.

By Theorem 4.3 there exists an I-isolated smooth Fano n-polytope with n+ ρ vertices. �

Example 4.7. Consider the polytope

conv(e1, e2, e3, e4, e5, e6,±e7, e7 − e1,±(e7 − e2), e6 − e3, e2 − e6, e6 − e2 − e4, e2 − e5 − e7).

This is an I-isolated smooth Fano 7-polytope with 15 vertices, and is the smallest example of an I-isolated

smooth Fano n-polytope with at least 2n+ 1 vertices.

5. F-equivalence for reflexive polytopes

In this section we generalise the notion of F-equivalence to encompass projections between reflexive

3-polytopes. Fix a reflexive 3-polytope P ⊂ NQ and consider the corresponding Gorenstein toric Fano

variety XP . Toric points and curves on XP correspond to, respectively, facets and edges of P . Projections

from these points (or curves) correspond to blowing-up the cone generated by the relevant facet (or edge).

Since we are restricting ourselves to the class of reflexive polytopes, it is clear that the original face only

needs to be considered if it has no (relative) interior points: any interior point of that face will become an

interior point of the resulting polytope, preventing it from being reflexive.

Lemma 5.1. Let P ⊂ NQ be a reflexive 3-polytope and let F be a facet or edge of P such that F contains

no interior points. Up to GL3(Z)-equivalence, F is one of the four possibilities shown in Table 5.

Lemma 5.2. Let P,Q ⊂ NQ be two reflexive 3-polytopes such that XQ is obtained from XP via a projection.

Then the corresponding blow-up of the face F of P introduces new vertices as given in Table 5.

Proof. We prove this only in case 2 in Table 5. The remaining cases are similar. We refer to Dais’

survey article [8] for background, and for the combinatorial interpretation. Let C = cone((1, 0, 0), (1, a +

b, 0), (1, a, 1), (1, 0, 1)), where a, b ∈ Z>0. This is defined by the intersection of four half-spaces of the form

{v ∈ NQ | 〈ui, v〉 ≥ 0}, where the ui are given by (0, 0, 1), (0, 1, 0), (1, 0,−1), (a+ b,−1,−b) ∈ M . Moving

these half-spaces in by one, we obtain the polyhedron:

4⋂
i=1

{v ∈ NQ | 〈ui, v〉 ≥ 1} = cone((2, 1, 1), (2, 2a+ b− 1, 1)) + C.

Hence the blow-up is given by the subdivision of C into four cones generated by inserting the rays (2, 1, 1)

and (2, 2a+ b− 1, 1). �

Of course case 1 in Table 5 is a specialisation of case 2. However, since the point added is what is

important, we list it separately. When a = 1, b = 0, or when a = 0, b = 2 in case 2, the coordinates of the

two points to be added coincide, so we add the single point (2, 1, 1).

Definition 5.3. Two reflexive 3-polytopes P,Q ⊂ NQ are F-equivalent, and we write P
F∼ Q, if there

exists a finite sequence P0, P1, . . . , Pk ⊂ NQ of reflexive polytopes satisfying:

(i) P and Q are unimodularly equivalent to P0 and Pk, respectively;

(ii) For each 1 ≤ i ≤ k we have that either V(Pi) ( V(Pi−1) or V(Pi−1) ( V(Pi).
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Table 5. The possible choices of faces to be blown-up, and corresponding points to be

added, when considering projections between Gorenstein toric Fano threefolds.

Face Points added

1

(1, 0, 0)

(1, 0, 1)

(1, 1, 0)

(3, 1, 1)

2

(1, 0, 0)

(1, 0, 1)

(1, a, 0) (1, a+ b, 0)

(1, a, 1)

(2, 1, 1), (2, 2a+ b− 1, 1)

3

(1, 0, 0)

(1, 0, 1)

(1, 0, 2)

(1, 1, 0) (1, 2, 0)

(1, 1, 1)
(3, 2, 2)

4 (1, 0, 0) (1, 1, 0) (2, 1, 0)

(iii) If V(Pi) ( V(Pi−1) then there exists a face F of Pi and ϕ ∈ GL3(Z) such that ϕ(F ) is one of the

seven faces in Table 5. Furthermore, the points ϕ(V(Pi−1) \ V(Pi)) are equal to the corresponding

points in Table 5, and ∂F ⊂ ∂Pi−1. The case when V(Pi−1) ( V(Pi) is similar, but with the roles

of Pi−1 and Pi exchanged.

If P
F∼ Q then XP and XQ are related via a sequence of projections.

Remark 5.4. The requirement that ∂F ⊂ ∂Pi−1 in Definition 5.3(iii) perhaps needs a little explanation.

Consider the case when F is a facet. Adding the new vertices can affect a facet F ′ adjacent to F , with

common edge E, in one of three ways. Let uF ′ ∈ M be the primitive dual lattice vector defining the

hyperplane at height one containing F ′. Let v1, . . . , vs ∈ N be the points to be added according to

Table 5, so that Pi−1 = conv(Pi ∪ {v1, . . . , vs}).
(i) If 〈uF ′ , vi〉 < 1 for 1 ≤ i ≤ s then F ′ is unchanged by the addition of the new vertices, and hence

F ′ is also a facet of Pi−1.

(ii) Suppose that 〈uF ′ , vi〉 = 1 for 1 ≤ i ≤ m, and 〈uF ′ , vi〉 < 1 for m+ 1 ≤ i ≤ s, for some 1 ≤ m ≤ s.
Then the facet F ′ is transformed to the facet F ′′ := conv(F ′ ∪ {v1, . . . , vm}) in Pi−1. Notice that

F ′ ⊂ F ′′, but that E is no-longer an edge of F ′′. This is equivalent to a blow-up, followed by a

contraction of the curve corresponding to E.

(iii) The final possibility is that there exists one (or more) of the vi such that 〈uF ′ , vi〉 > 1. When we

pass to Pi−1 we see that F ′ is no-longer contained in the boundary; in particular, int(E) ⊂ int(Pi−1)

and so ∂F 6⊂ ∂Pi−1. This case is excluded since it does not correspond to a projection between

the two toric varieties.

These three possibilities are illustrated in Figure 2.

By a simple computer calculation we obtain:

Corollary 5.5. Every reflexive 3-polytope is F-equivalent to T 3.
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Figure 2. The three possible ways a facet F ′ adjacent to F can be modified when adding

a new vertex v. See Remark 5.4 for an explanation.

F

F'

v

0

(i) uF ′(v) < 1 (ii) uF ′(v) = 1

(iii) uF ′(v) > 1

References

1. Victor V. Batyrev, Toric Fano threefolds, Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), no. 4, 704–717, 927.

2. , On the classification of smooth projective toric varieties, Tohoku Math. J. (2) 43 (1991), no. 4, 569–585.

3. , Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces in toric varieties, J. Algebraic Geom. 3

(1994), no. 3, 493–535.

4. , On the classification of toric Fano 4-folds, J. Math. Sci. (New York) 94 (1999), no. 1, 1021–1050, Algebraic

geometry, 9.

5. Wieb Bosma, John Cannon, and Catherine Playoust, The Magma algebra system. I. The user language, J. Symbolic

Comput. 24 (1997), no. 3-4, 235–265, Computational algebra and number theory (London, 1993).

6. Gavin Brown and Alexander M. Kasprzyk, The graded ring database, online, http://www.grdb.co.uk/.

7. Cinzia Casagrande, Contractible classes in toric varieties, Math. Z. 243 (2003), no. 1, 99–126.

8. Dimitrios I. Dais, Resolving 3-dimensional toric singularities, Geometry of toric varieties, Sémin. Congr., vol. 6, Soc.
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