ON THE MAXIMUM DUAL VOLUME OF A CANONICAL FANO POLYTOPE

GABRIELE BALLETTI 2, ALEXANDER M. KASPRZYK &, AND BENJAMIN NILL

AsstrACT. We give an upper bound on the volume vol(P*) of a polytope P* dual to a d-dimen-
sional lattice polytope P with exactly one interior lattice point, in each dimension 4. This
bound, expressed in terms of the Sylvester sequence, is sharp, and is achieved by the dual
to a particular reflexive simplex. Our result implies a sharp upper bound on the volume of
a d-dimensional reflexive polytope. Translated into toric geometry, this gives a sharp upper
bound on the anti-canonical degree (—Kx)d of a d-dimensional Fano toric variety X with at
worst canonical singularities.

1. INTRODUCTION

1.1. Background and results. Let N = Z% be a lattice of rank d. A convex polytope P C Ng,
where Ng := N ®z R = R, is called a lattice polytope if the vertices vert(P) of P are contained
in N. Two lattice polytopes P, Q C Np are said to be unimodular equivalent if there exists
an affine lattice automorphism ¢ € GL4(Z) Z% of N such that pr(P) = Q. Unless stated
otherwise, we regard lattice polytopes as being defined only up to unimodular equivalence.

Let P C N be a lattice polytope of dimension d (that s, P is of maximum dimension in Ng)
containing exactly one lattice point in its (strict) interior, i.e. [int(P) N N| = 1. We can assume
that this interior point is the origin 0 € N. For reasons that are explained in §1.2 below, we
call P a canonical Fano polytope. As a consequence of results by Hensley [9, Theorem 3.6] and
Lagarias—Ziegler [15, Theorem 2], there are finitely many canonical Fano polytopes (up to
unimodular equivalence) in each dimension d.

Canonical Fano polytopes in dimensions d < 3 have been classified [10], and we find
that vol(P) < 12. For d > 4 it is conjectured that the volume of a d-dimensional canonical
Fano polytope is bounded by

1
vol(P) < Ez(sd -1)?, (1.1)
where s; denotes the i-th term of the Sylvester sequence:
s1:=2, Siz1:=81---s;i+1forieZs.

Moreover, the case of equality in (1.1) is expected to be attained only by the canonical Fano
simplex
d
R = S@) — Z ei, where S := conv{0,2(sq — 1)eq, s4-1€4-1, - . .,51€1}.
i=1
Here {e1,...,e4} is a basis of N. This conjecture is hinted at in [15,19,21], explicitly stated
in [16, Conjecture 1.7], and proved by Averkov—Kriimpelmann-Nill [3] for the case when P is
a canonical Fano simplex. The conjecture remains open for a general canonical Fano polytope.
The current best upper bound on the volume of a canonical Fano polytope that is not a simplex
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is established in [3, Theorem 2.7] (improving upon a result by Pikhurko [17]), however this is
presumed to be far from sharp:
vol(P) < (sge1 — 1)%.
Instead of bounding vol(P), it is also natural to consider the volume of the dual polytope P*
(see §1.4 for the definition of the dual polytope). The main result of this paper is:

Theorem 1.1. Let P C N be a d-dimensional canonical Fano polytope, where d > 4. Then
1
vol(P*) < EZ(sd -1)?,
with equality if and only if P = R

In three dimensions, the expected bound vol(P*) < 12 is proved in [10, Theorem 4.6]. In
this case, however, equality is obtained by the duals of two distinct simplices:

P1,1,1,3 = COI’IV{el, €y, e3,—€1 — €y — 363} and P1/1,4,6 = RZ:,)). (1.2)

The analogue of Theorem 1.1 is proved in [3, Theorem 2.5(b)] for d-dimensional canonical
Fano simplices.

Probably one of the most studied class of canonical Fano polytopes are the reflexive polytopes,
consisting of those P C N such that the dual P* is also a canonical Fano polytope (for a brief
survey see [12]). Note that R(;) is a reflexive simplex [16]. An immediate consequence of
Theorem 1.1 is a proof of the conjectured inequality (1.1) in the case of reflexive polytopes:

Corollary 1.2. Let P C Ng be a d-dimensional reflexive polytope, where d > 4. Then
vol(P) < %Z(Sd - 1),
with equality if and only if P = Ry).
The analogue of Corollary 1.2 in the case of reflexive simplices is proved in [16, Theorem A].

1.2. Toric geometry and Fano varieties. Canonical Fano polytopes arise naturally in algebraic
geometry. To each d-dimensional canonical Fano polytope P C Ngr we can associate a
d-dimensional projective toric variety Xp whose fan is given by the cones in Ng spanning
the faces of P (here we require that the unique interior point of P is taken to be the origin 0
of N). This variety is Fano — recall that a variety X is Fano if its anti-canonical divisor —Kx
is ample — and has at worst canonical singularities. In fact this construction is reversible,
and there exists a one-to-one correspondence between (unimodular equivalence classes of)
canonical Fano polytopes and (isomorphism classes of) Fano toric varieties with at worst
canonical singularities. For details on canonical singularities and their importance in algebraic
geometry, see [20]; for details on toric geometry, see [8]; and for additional background
material see the survey [12].

The classification of Fano varieties is a long-standing open problem. An important advance
would be to bound the degree (-Kx)®. In the case when X is non-singular the bound

(~Kx)! < (321 - 1)(d + péve0)’ 13)

was established by Kolldr—-Miyaoka-Mori [13], although this is almost certainly not sharp.
Very little is known when X has canonical singularities, however Prokhorov [18] proved that
if X is a three-dimensional Fano with Gorenstein canonical singularities then the degree is
bounded by (—Kx)? < 72. In this case the maximum degree is obtained by the two weighted
projective spaces P(1,1,1,3) and P(1, 1,4, 6), and these two toric varieties correspond to the
two canonical Fano simplices in (1.2). It is tempting to conjecture that, in higher dimensions,
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the maximum degree is obtained by a Fano toric variety. Recalling that (—Kx,)? = d!vol(P*),
Theorem 1.1 provides a sharp bound on the degree when X is toric:

Corollary 1.3. Let X be a d-dimensional Fano toric variety with at worst canonical singularities,
where d > 4. Then
(-Kx)" < 2(s4 = 1)%, (14)

with equality if and only if X is isomorphic to the weighted projective space
P(1,1,2(s4 = 1)/54-1,...,2(s4 = 1)/51) .

This extends [16, Theorem A] and [3, Theorem 2.11], where analogous results are stated
when X is a Gorenstein fake weighted projective space, and when X is a fake weighted pro-
jective space with at worst canonical singularities, respectively. Corollary 1.3 also generalises
the three-dimensional bound of [10, Theorem 4.6].

Finally, Corollary 1.3 also has implications for current attempts to classify non-singular
Fano varieties via Mirror Symmetry [7]. Here the hope is that a non-singular Fano variety X
with —Kx very ample has a Q-Gorenstein deformation to a Gorenstein canonical Fano toric
variety Xp. Since this deformation would leave the degree unchanged, so the bound of
Corollary 1.3 would apply to X. It is interesting to note that, in this case, the bound (1.4) is
significantly smaller that the bound (1.3) of Kollar-Miyaoka—-Mori.

1.3. Overview of the proof. Our strategy to prove Theorem 1.1 is as follows. In §2 we re-
duce the problem to canonical Fano polytopes satisfying some minimality condition. We
observe that such polytopes admit a decomposition into canonical Fano simplices (follow-
ing [10]; compare also with the decomposition used in [14]), for which the statement is
already known [3]. In §3 we use this decomposition, together with the monotonicity of the
normalised volume, to prove Theorem 1.1 in the majority of cases (Corollary 3.1). Finally,
the remaining cases are proved in §6 using a mixture of integration techniques (developed
in §§4-5) and explicit classifications.

1.4. Notation and terminology. Let P C N be a lattice polytope of maximum dimension in
a rank d lattice N = 7%, and let M := Homz(N, Z) = Z% be the lattice dual to N. The dual
(or polar) polyhedron of P is:

P*:={y € Mr : (y,x) > -1 for every x € P}.

If 0 € P then P* is a convex polytope, although typically P* has rational vertices, and so is not
a lattice polytope.

Let P and Q be two maximum-dimensional polytopes in (Np)r = R” and (Ng)r = RY,
respectively. Suppose that P and Q contain the origin Op € Np and 0g € Ny of their respective
ambient space. The free sum (or direct sum) is the maximum-dimensional polytope

P& Q = conv((P x {0g}) U ({0p} x Q)) c RP*.
The product is the polytope
PxQ :={(xp,x5): xp €P, x; € Q} C RP™I,
Free sums and products of polytopes are related via duality by:
(P®Q) =P"xQ".
On the affine hull aff(P) there exists a volume form, called the relative lattice volume, that is
normalised by setting the volume of a fundamental parallelepiped of affz(P) equal to 1. We

denote the relative lattice volume of P by voly(P). The volume Voly(P) := dim(P)! voln(P)
is often called the normalised lattice volume of P. If N’ C N is a sublattice of N then, for
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S C lin(N’), we have voln/(S) < voln(S). If in addition we have that N’ — N splits over Z,
then voln/(S) = voln(S).

2. DECOMPOSITION OF MINIMAL POLYTOPES

The case of canonical Fano simplices is already considered in [3]. Our focus is on the case
when P is not a simplex. Notice that if P € Q then Q* ¢ P*, and hence vol(Q*) < vol(P~). It
is therefore sufficient to prove Theorem 1.1 for “small” polytopes P; that is, for the minimal
canonical Fano polytopes:

Definition 2.1 ([10, Definition 2.2]). A d-dimensional canonical Fano polytope P C Ng
is minimal if, for each vertex of P, the polytope obtained by removing this vertex is not a
d-dimensional canonical Fano polytope; that is, if conv(P N N \ {v}) is not a d-dimensional
canonical Fano polytope, for each v € vert(P).

Each canonical Fano polytope Q can be reduced to a minimal polytope P C Q via successive
removal of vertices. Of course P need not be uniquely determined. Minimal canonical Fano
polytopes admit a decomposition in terms of lower-dimensional minimal canonical Fano
simplices:

Proposition 2.2 ([10, Proposition 3.2]). Let P be a minimal canonical Fano d-polytope that is not
a simplex. Then there exists a minimal canonical Fano k-simplex S contained in P with vert(S) C
vert(P), for some 1 < k < d. For any such S there exists a minimal canonical Fano (d — k + s)-
polytope P’ with vert(P’) C vert(P) such that P = conv(S U P’), s = |vert(S) N vert(P’)|, and
0<s<k

For brevity we write “d-polytope” rather than “polytope of dimension d”, and “k-simplex”
rather than “simplex of dimension k”.

Corollary 2.3. Let P be a minimal canonical Fano d-polytope that is not a simplex. Then, for some
2 <t < d, there exist minimal canonical Fano simplices Sy, . . ., Sy such that P = conv(S1U---USy),
where dim(S;) = d; > 1 and vert(S;) C vert(P), for each 1 < i < t. Set r1 = 0 and, for
each2 <i <t setr;:= |Vert(Si) N Vert(P(i‘l))|, where PU=Y := conv(S; U --- U S;_1). Then:

di+--+di=d+r, wherer =11+ -+ 14 (2.1)
ri<di<d-t+1, foreachl1 <i <t (2.2)
|vert(P)| = d + t. (2.3)

An example of this decomposition is illustrated in Figure 1.

Proof. We apply Proposition 2.2 iteratively, at each step choosing S to be of smallest possible
dimension. Thus P can be written as P = conv(S1 U --- U S;) for some t > 1, where the S;
are minimal canonical Fano simplices of dimension d; > 1 with vert(S;) C vert(P) having r;
common vertices with PV, such that d; < dy_q < --- < di. The case P© is taken to be
the empty set, giving r1 = 0. At each step, the dimension of P can be obtained from
Proposition 2.2: dim(P®) = dim(PY) + dim(S;) — r;. Hence d = 3.!_,(d; — r;), and so (2.1)
holds. Once again using Proposition 2.2, since dim(S;) > r;, so dim(P®) > dim(P¢-Y) + 1.
It follows that t < d and so di < d —t + 1. Hence our choice of simplices implies (2.2).
Finally, the number of vertices of P(¥) is |V€I‘t(P(i_1))| + |vert(S;)| — r;. This implies that
[vert(P)| = le(di + 1) — r, and from (2.1) we deduce that equation (2.3) holds. O

Notice that equality (2.3), combined with the bound t < d, implies that a minimal canonical
Fano polytope P satisfies |vert(P)| < 2d (this is known as Steinitz’s inequality).
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(%

Figure 1. An example of a three-dimensional minimal canonical Fano polytope P which
decomposes into two canonical Fano simplices S1 and S; sharing a common vertex v. In
the notation of Corollary 2.3,d =3,t =2,d; =dy =2,and ro = 1.

3. BOUNDING THE VOLUME OF P* VIA MONOTONICITY OF THE NORMALISED VOLUME

As noted above, it is sufficient to prove Theorem 1.1 for minimal canonical Fano polytopes
thatarenotsimplices. Let P C N be such a polytope of dimensiond > 4. Fixa decomposition
of P, and use the notation ¢, S;, d;, r;, r as defined in Corollary 2.3. In this section we prove
Theorem 1.1 for the majority of decompositions. The decompositions not addressed in this
section, and whose proof is the focus of §§4-5 below, are listed in Corollary 3.1.

Corollary 3.1. In order to prove Theorem 1.1 it is enough to verify that the inequality
1
vol(P*) < Ez(sd - 1)?

holds for all minimal canonical Fano polytopes P C N of dimension d > 4 whose decomposition into
minimal canonical Fano simplices falls into one of the following five cases:
(i) t=2anddy =dy=d—-1;or
(i) t=2,d=4,d1=3,and dy =2, or
(iii) t =2,d =5,d1 =4,and dy = 3; or
(iv) t=3,d=4,anddy =dr =ds =2; 0or
(v) t=3,d=5,and dy =d, = ds = 3.

In order to prove Corollary 3.1 we use the monotonicity of the normalised volume. Let

N; := ling(S;)NN be the sublattice of lattice points in the linear hull of S; (recall that 0 € int(S;),

so this really is a sublattice), for each 1 < i < t. Define the map
t

:N1®---®N; —» N, (x1,...,x) X;.

i=1

Notice that ¢ may not be surjective, however since its image has the same rank as N, the

extension g of ¢ to a map of vector spaces is surjective. Moreover, pgr gives the following

representation of P:

P=opr(S1®---®5).
Let M, M;, ..., M; denote the lattices dual to N, Ny, ..., Ny, respectively. The map goTR dual
to @R is an injection, and in particular

P* = @i(P)C(S1®--®S) =5, x--- XS,

where M is naturally embedded via ¢* into M; @ --- @ M;. This situation will be studied
in more detail in §4. Using the monotonicity of the normalised volume, finding an upper
bound for the normalised volume of S} X - - - X 5 yields an upper bound for the normalised
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volume of P*. Specifically, we know that:
Vol (P*) < VOlMle...@Mt(SI XX S;)
= (d] +-- dt)! VOlM]@...@Mt(S* XX S:)

= (dy +-- +dt)'l_[V01M (S) @3.1)
(dl +-o dt)
dl!m l_[Vol (SD).
The normalised volume of S; is bounded from above (see [10] and [3, Theorem 2.5(b)]):

9 ifi =2,

(S) < By, i i =
Voly;(S7) < By, with B; { sy, — 12 ifi#2.

Hence inequality (3.1) becomes:

Voly (p)<ul_ljgd

dqi!-
i=1
At this point, Theorem 1.1 would follow from
di+- - +d)! T
(]Adl'—dt't) H Bdi < Bd. (32)

i=1
Unfortunately inequality (3.2) does not always hold: for example, it fails when t = 2 and

dy =dy =d -1, for any d > 3. Nevertheless, this technique is sufficient to prove Theorem 1.1
for a large number of cases:

Lemma 3.2. Inequality (3.2) — and therefore Theorem 1.1 — holds whenever:

(i) t > 3, with the exception of the following six cases:
(@) t=3,d=4,anddy =dy=ds =2;0r
(b) t=3,d=5,anddy =dy, =d3; =3;0r
(¢c)t=3,d=4dy=dy=2,and ds =1; or
(d) t=3,d=5,d1=dy=3,and d3 = 2; or
() t=3,d=6,anddy =dy =ds =4;0r
(f)t=4,d=5,andd1 =dy =d3 =dy =2;

(ii) t = 2, with the exceptions of the following three cases:
(a) dl =d2 =d—1,’01”
(b) d=4,d,=3,and dy =2; or
(c) d=5,d1=4,and dy = 3.

Proof. We prove (i) and (ii) separately, but by the same general technique: first we show that
the statement is true for large values of d; then we check the finite number of remaining
values.
(i) Since the quantity
t

(di+---+dyp)!
A TR By
il dy! l_l o
increases as the d; increase, by (2.2) it is enough to prove inequality (3.2) when
d; =d -t +1foralli. Thatis, it is sufficient to show that

(td—-t+1))

d—f+ 1) (Ba-t+1)" < Ba. (3.3)
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From n! < 2-22...21-1 = 2n("=1)/2 (yhich is strict when n > 3) we obtain:
(td—-t+1))!

d—-t+1
Therefore, if the inequality

<S(td-t+1))< 3 H(A=t+1)(Hd—t+1)-1)

2%t(d—t+1)(t(d—t+1)—1)2t(Bd_H_l)t < By (3.4)

holds, so too does inequality (3.3).
To prove (3.4) we make use of the well-known description due to Aho-Sloane [1,
Example 2.5] of the Sylvester sequence in terms of the constant c ~ 1.2640847353 . . .:
n 1
2

+-|.
© T3

Sy =

Notice that By = 2(s; — 1)®> > (54 + 1)> whenever d > 3. Since sy + 1 > 2’| the
right-hand side of (3.4) is bounded from below:

By=2(sqa—172> (54 +1)% > c*".

Moreover By_;4+1/2 < ¢ . Since ¢3 > 2, the left-hand side of (3.4) is bounded from
above:

t
z%f(d-t+1)(t(d—t+1)—1)2t (Bd;tﬂ) < C%t(d—t+1)(t(d—t+1)—1)c3tCzd’”Zt.

We shall show that ¢3t@-H+DEE@-1)-1) (3t 292 o 281 g0 which we conclude that
inequality (3.4) holds. Taking log., we have to verify that the inequality

%ud—t+naw—t+1y4)+m+zﬁﬁ%szﬂl

is satisfied. Rewrite this inequality as:

3t<d—t+1><t<d—t+1>—1>+6tszm(l_%)_

Since t > 3, by setting ¢ = 3 in the right-most factor it is enough to prove that:
3t(d—t+1)Hd -t +1)—1) +6f <29,

Since t(d — t + 1) is maximised when t = (d + 1)/2, and since 6t < 6d, the above
inequality is valid when

3(d+1)(d—d+1+1)(d+1(d—d+1+1)—1)+6d52d.

2 2 2 2

This holds when d > 13. Recalling that 4 bounds the quantities ¢, dy, ..., d;, we are
left with finitely many cases to verify. Inequality (3.2) holds in all but six cases, as
listed in the statement.

By the same monotonicity argument used at the beginning of the previous case, we
choose d; and d, as large as possible, i.e. we fix dy = d —1 and d> = d — 2 (we noted
above that inequality (3.2) is not satisfied when di = d> = d — 1). Inequality (3.2)
becomes

(2d - 3)!
d—2)d-1)!

Proceeding as above, we reduce the problem to proving the inequality

3(2d% — 7d + 8) + 2971 + 24 < 2+,

Bd_gBd_l < Bd.
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This holds when d > 10. Removing the assumptions d; = d -1 and d, = d -2
on di and dy, the finitely many cases for 4 < d < 9 can be directly verified against
inequality (3.2). We find the exceptional cases listed in the statement of thelemma. O

Proof of Corollary 3.1. By Lemma 3.2 we need to show that proving Theorem 1.1 for all deom-
positions listed in the statement of Corollary 3.1 also proves it in the four cases:
(i) t=3,d=4,d1=dry=2,and d3 = 1; or

(ii) t:3,d:5,d1 :dz :3,andd3 :2;01'

(iii) t =3,d=6,and d1 =dp, =d3 =4; or

(iv)t=4,d=5anddy =dy =d3 =ds = 2.
In each cases we have thateither t = 3ort = 4. By Corollary 2.3 we can express P as P = P’US;,
where P’ = §; U -+ U §;_1 is a minimal polytope of dimension d’ decomposed into t’ =t — 1
minimal simplices. Note that in all four cases d’ = d —1. We now proceed exactly as in the first
part of this section. Let N” := lingr(P’) N N be the sublattice of N of lattice points in the linear
hull of P’. We define the map ¢’: N’ & Ny — N by (x1, x2) = x1 + x2, whose extension ¢ to
a map of vector spaces is surjective and gives the following representation of P:

P= (p[R(P, ® St)

Let M’ denote the lattice dual to N’. The map (¢’);, dual to (¢’)r is an injection, and in
particular

P = (¢")g(P") C (P"®S;)" = (P')" X S;.
As in (3.1), by the monotonicity of the normalised volume,

d’ +d;)! . )
% Volpr ((P’)*) Vol (S). (3.5)

By our assumption and Lemma 3.2, Theorem 1.1 holds for ¢’ = 2 and for t’ = 3, d’ = 4,
dy = dy = d3 = 2. Hence, in all four cases, Theorem 1.1 holds for P’; i.e. Volp((P’)*) < By-1.
Since Voly;,(S}) < Bg, and d’ =d -1,

VOIM(P*) <

Hence it is enough to prove that
(d -1+ dt)'
(d—1)'dy!

This inequality can be directly checked in all four cases. m|

Bd—let < Bd.

4. SLICING MINIMAL POLYTOPES

We now develop the foundations for a finer technique that we use in §6 to help prove
the remaining cases of Theorem 1.1. In particular, we shall explain how minimal polytopes
can be described as a particular union of slices which are products of slices of simplices (see
Figure 2). Using this construction, in §5 we give a better estimate of the dual volume via
integration.

4.1. Embedding the dual polytope. As above, we are in the setup of Corollary 2.3: P C Ng is
a d-dimensional minimal canonical Fano polytope decomposed into minimal canonical Fano
simplices S1, ..., S, for some t > 2. We define

Vo= U vert(S;,) N vert(S;,)

1<iy<ip<t
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0 0
fe—— Hi HM

; S h
Figure 2. The dual P* of the polytope P from Figure 1, together with the dual trian-

gles (5))" € (M])r and (S})* € (M))r. In the left-most picture, the grey slice is H o X Ha,p.
We refer to §4.2 for the precise definitions.

F

to be the set of those vertices of P which occur multiple times amongst the vertices of the S;,
and define V; := V N vert(S;). For example, in Figure 1 we have V = V| =), = {v}.

It will be convenient to coarsen the lattice N. We note that coarsening the ambient lattice N
to a lattice N’ is an assumption we can make. Indeed, if PI*VI and P]*W denote the duals of P
with respect to the lattices M = N* and M’ = (N’)", respectively, then the volume of P}, is
equal to the volume of P}, multiplied by the index of M’ as a subgroup of M (which is a
positive integer).

LetN Z’ denote some sublattice of N; = ling(S;) N N of same rank d; with V; ¢ N l’ (a specific
choice of N/ will be given in §4.2). Notice that S; may no longer be a lattice simplex with
respect to N'. Therefore, in order to avoid any confusion, we denote by S’ C (N/)r = (Ni)r
the rational simplex with vertices vert(S;) with respect to the lattice N/. Now, by possibly
coarsening the lattice N we may suppose that N is the image of the lattice N] & --- @ N/ via
the map

p:Nj®-- &N/ >N

t
(x1,...,x1) > in.
i=1

Hence we can assume that this map is surjective. Notice that the polytope P may no longer be
a lattice polytope with respect to this ambient lattice. We extend the map ¢ to the map of real
vector spaces pr: (N])r @ - - ® (N/)r — Ngr. As in the previous section we can describe P as

(4.1)

P=gpr(S]® - -®S5)).
By definition ¢ is a surjective map, so we have the exact sequence
0—>kerg = N{&---®N/»N —0,

which splits over Z. From (2.1) we have that N] @ - - - @ N/ splits in parts of rank d and 7. As
a consequence, the dual sequence

0>M—>M & &M > (kerp) — 0

is exactand splits too. Here we used the notation M], . .., M; for the dual latticesof N, ..., N/,
respectively. Let (ker ¢)* denote the elements of M| @ - -- ® M, vanishing on ker ¢. By the
exactness of the dual sequence, ¢*(M) = (ker ¢)*; that is, the lattices M and (ker )+ are
isomorphic via ¢*. In particular, (ker p)* = (M] & - -- & M) N (ker @) is a direct summand
of M] & --- ® M; of rank d.

By tensoring by R to extend the maps to the ambient real vector spaces, it follows that
the following polytopes are isomorphic as rational polytopes with respect to their respective
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lattices:
* ~ (pE—Q(P*)
=S @ @S N(kerp)g (4.2)
= ((87)" %+ X (5})) N (ker @)

We now describe a set of generators of (ker ¢)gr. For this, let us identify N l’ with the
corresponding direct summand in N{&- - - ® N;. In this way, we can identify v € vert(S’) with
eip € NJ® --®Nj, ie.,(eiy); =v € N and (e;y); = ON]{ for j # i. Recall that dimg(ker ¢)r = 7.
Letl < iy <i; <t,andv € V;; NV;,. Wedenoteby wy i, ;, the elemente;, ,—¢;;,, € N]®---®N;.

Lemma 4.1. With notation as above, ker @ is generated by the set
Q=A{wy,i, ENJ®---®N[:1<i1 <ip <t,veEV; NV}
Proof. We prove that the subset
QO ={wyi i, € Q: i1 =max{i: v eV, i<iy}

of Q is a basis of ker pr. Since for 2 < i < t we have |{wy i, € (¥ : iy = i}| = r;, this implies
that |CY| = Zfzz ri = r. Hence it is enough to prove that the elements of () are linearly
independent.

Denote the elements of )’ by x1,...,x,, where x; = ((xj)1,...,(xj);) € N & - ®Nj.
Assume there exists a nontrivial relation yix1 +. ..+ u,x, = 0with g == (u1, ..., ur) € R"\ {0}.
Let us define

supp(p) ={j €{1,...,r}: uj #0}.
Leti € {1,...,t} be the largest such integer such that there exists an integer j € supp(u),
an index 1 < i1 < i, and a vertex v € V;; NV;, with w, ;, ; = x;. By definition of i and Y/,
all elements in {(x;); : j € supp(p), (xj); # ON;} # @ are pairwise distinct vertices in V; N
vert(PU~1). Hence

Z uj (xj)i = Ony
jesupp(p)
implies a nontrivial relation of a non-empty subset of the vertices in V; Nvert(P~V). However,
as S; contains the origin in its interior, any proper subset of the set of vertices of S; is linearly
independent, so V; N vert(PU=D) = vert(S;). Hence, r; = d; + 1, a contradiction to (2.2). O

We now apply Lemma 4.1 to (4.2):
"= pp(PY)
= (S x -+ x (§))") N (ker @)
={(1,.-.,y) € (S x---x(S)" : {(y1, ..., Y1), w) = 0 for each w € (ker p)r} 4.3)
={(y1, .-, y1) € (S))" X+ X ()" : (Yir, €i,,0) = (Yin, €i,0) fOT €ACh WS 1) iy € Q}
={(y1, .-, y) €(S)) X+ x(S))" : (Vir, €1 0) = (Yir, €ir,0) foreachv € V;, N V;, }.

4.2. The integration map. From here onwards we will assume that the decomposition of P
into the simplices S; is irredundant, i.e. V; C vert(S;) fori =1,...,t. Under this assumption,
we describe a specific choice for N l’ . For this, we choose a vertex v; € vert(S;) \ V;, and set

Vi = vert(S;) \ {vi}.
We have V; C ﬂ. We define N 1’ to be the lattice spanned by ﬁi, that is,
Nz’ = <Z) € ﬁ)z.
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By construction, the d; vertices in 171' form a lattice basis

{ei,v }UE]’;,‘

of N’ (as a sublattice of N] @ - - - @ N/). Note that the vertex v; need not be a lattice pointin N Z’ .
We again assume that N is given as the image of ¢, see (4.1), and we will refer to S; as S’
when referring to it with respect to the lattice N’. This choice of lattice will allow us to prove
Lemma 4.2 which simplifies the considerations in §5. In particular, it will yield a convenient
explicit description of (5?)" (see Lemma 5.1).

Setg :=|V|and gq; == |Vi|fori =1,...,t. We define ¥ to be the map

W (ker o)t — @Z = 71
vey
(yl/ ceey yt) = ((yl},/ 31},,0))06)/1
where, for each v, i, is any index such that v € V; . Since (yi,, €, ) = (Vi,, €i,,0) Whenever
v € Vi, NV, ¥ is a well defined map. In an analogous fashion to the definition of W, for
eachi € {1,...,t} we define the map

v M- Pz =27
veY;
y = ((yl ei,’0>)U€Vl‘-

Lemma 4.2. The maps W, V1, ..., V; are surjective.

Proof. Let {€i}vey, be the standard basis of @v v Z, and {e; } 5 the lattice basis of M’

veV;
dual to the lattice basis {e;s},, <y, of N/. The maps W; are surjective, since each element ¢;  is

mapped into €; ,, for v € V;.

We now prove that WV is surjective. Since the codomains of the maps W; span the codomain
of W, it is enough to check that for each i € {1,...,t} and for each v € V}, there exists an
element (y1,...,y;) € (kerp)t € M] & --- ® M, such that y; = e; ,- This is true, since it
suffices to choose (1, ..., yt) as

ej, € (M] & & M) N (ker pr)* = (ker ¢)*. 0
i such that veV;

As a consequence of Lemma 4.2 the extensions of W, W1, ..., W, to the real vector space maps

Vg, (Viw, ..., (Wr
are linear surjective maps. We define natural projections
PR

veY veV;

as the identity over (P, R and the zero map over (P, R.
Let D be the set of parameters

D = Wr(py(PY)) C @ R.

veY
Given a point A = (A,)sey € D, define the fibre

Hip = (\Ifl-)@l(pi(/\)) N(S) ={y €(S) : (y,v) = Ay forallv € V;} C (M))g.
Denote by F’ the (d; — q;)-dimensional face of (5/)" given by
Fi = Hi,(—l ’’’’’ -1)- (4.4)
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From (4.3) we obtain the desired decomposition of P*:

|| Ay € (S %X () (yiseio) = Ao forallo e Vi, i =1, t}
(Ap)vev €D
= |_|H1,/\X"'><Ht,/\

AeD
(4.5)

In other words, P~ is sliced into a disjoint union of sections (see Figure 2).

5. BOUNDING THE VOLUME OF P* VIA INTEGRATION

In this section we apply (4.5) to obtain a finer bound on the volume of P* in the case when P
decomposes into just two simplices. From here onwards we assume we are in the setup of
Corollary 2.3 with t = 2, i.e. P decomposes in two minimal canonical simplices S1 and S
of dimensions d; and d respectively. As P is not a simplex, clearly this decomposition is
irredundant, so the results of §4.2 apply. We will continue to use the notation introduced
in §4, and in particular the choice of N/, N, S’ in §4.2. Note that g = r, = 7 = [V| = V1| = |V,
is the number of common vertices of S; and S».

Equality (4.5) and Lemma 4.2 allow us to calculate the volume voly(P*) by integrating the
sections over the possible values of A. In particular:

volp(P*) = / VOIM{(HL/\) VOlMé(HZ,A) dA. (5.1)
AeD

Before attempting to bound such a value, we present an alternative description of D. For
i=1,2, we define D; as
D; = (Wi)r((S)"),
and we note that (since the maps p; defined in the previous section correspond to the identity
maps here),
D =D NDy. (5.2)
Recall that a lattice basis {e;,} for N/ is given by the elements of Vi = vert(S;) \ {v;}.

Denote by (Bi)vevert(s;) the barycentric coordinates of the origin in the simplex S;; that is,
Yoevert(s;) Bip? = 0, where ¥ ciery(s;) Bio = 1. Note that §;», > 0 for any v € vert(S;). Hence,

we can express v; as
N
ﬁl Ui

UEV,

Letus denoteby {€;, }vey, the standard basis of ), ey, Z. Lemma 5.1 below gives an explicit
description for (S})* and D; in terms of our chosen lattice bases. We omit the straightforward
proof.

Lemma 5.1. With notation as above, fori = 1,2

(S!)" = conv {— Z e;f,v} U (ﬁziw - 1) Z €, ,

veV\{w} weﬁi

* 1 * *
D; = conv {—Z ei,v} U (m - 1) € w™ Z €,

vey veV\{w} wey
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4 fz

By using the inequality ff> < we can bound (5.1) via

voly; (H1,0)? + vol, (Ha 1)

volpy(P*) < /
AeD 2
= 1‘/' VOIM' (HL/\)Z dA + 1 / VOle (HQ,/\)Z dA (53)
2 Jaep ! 2 Jaep g

1 1
<= / volyy (Hyp)* dA + = / VolMé(Hz,A)2 da,
A€Dy ! 2 AeD,

where the final inequality follows from (5.2). It is convenient to perform a change of variables
for i = 1,2, via the maps

fi
= (av)oey — (_sz; 1Dyey.
Biw

By Lemma 5.1, the integration domain D; becomes the unimodular g-dimensional sim-
plex A(;); that is, the convex hull of the origin and the standard basis of Z9. Hence (5.3) can
be rewritten as:

voly(P*) < Eﬂ

veVy

1 1
volyy (H do + = volyy (H. da. (5.4
ﬁw/a M, (Hi gy (a)) 5 l_[ fas /a My (Ha, fy(a)) (5.4)

€A vey €A

Lemma 5.2 ([2, Lemma 3.5 III]). With notation as above, fori =1, 2,

i~
volu; (Hi (@) = volar(F7) (1 a Z a”) ’

veEV;

where F; is the (d; — q)-dimensional face of (S})* defined in (4.4).

Inequality (5.4) can now be rewritten as

2(d1-q)
volpy(P*) <= —VOIM/ (F3 )t/ 1- ) «a da
2 rl Pro €A(g) Z ’

vey @ vey
2d—q) (5.5)
2 n — VOIM' (F3) / (1 - Z av) da.
vev a€h() vey

The following lemma derives from a special case of a well-known representation of the
beta function (see, for example, [6, Representation 4.3-2]).

Lemma 5.3.
b!

l-aj—...—a,)da = —
/a%( ! )=

Applying Lemma 5.3 to (5.5) yields:

2(d; - q))! L1 1 w2 (2(d2—9q))!
VOlM(P ) < = Zl};l} VOIM ( 1)2 (C] i Z(dl — q))' E u EVOlMé(FZ)z (q + (2(d2 _ Q))' .

(5.6)
The volume of F; is computed in Lemma 5.4 below. Its proof is omitted, since it is a
straightforward consequence of the description of (5?)* given in Lemma 5.1.

Lemma 5.4. With notation as above, fori = 1,2,

VOlM;(F;)z(d%q)l 1_[ ,81171

ve z\
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Finally, applying Lemma 5.4 to (5.6) gives the following bound for VolM(P*):

1 (2(d1 — 9))!
volu(P") < 2 (g +2(d1—q)'((d1 - )')2 l_[

ve ‘81 v ﬁ v
VI pep v L (5.7)
L1 (2(d2 - q))! l_l H .
2(9+ 20> = (2 = )P S Pao o oo

6. FINAL cAsEs

In this final section we address the remaining cases of Corollary 3.1. That is, we prove that
the decompositions
(i) t=2,dy=dy=d-1,ford >4
() t=2,di=d-1,dy=d-2,d € {4,5}
(iii) t =3,di=dy=d3=d—-2,d € {4,5}
satisfy Theorem 1.1.

6.1. Thecaset =2,d; =d, =d—1. By (2.1) we have g = d — 2. Hence inequality (5.7) can be

rewritten as
. 1 1 1 1 1
voly(P*) < — ﬂﬁ_ 1_[ 51U+n5_ ]—[ | (6.1)

vey veV\V veY vEW\V

5

UEV  oev\V

We focus on the product

for each i = 1,2. Note that in §4.2 we made a choice to exclude one of the vertices (called v;)
of vert(S;) \ V from appearing in lji. As there are two such vertices (say, vert(S;)\ V = {v;, u;}),
we can exclude the one whose corresponding barycentric coordinate is smaller; that is,
Biw; < Biu;- This yields

1 1 1 1 1 1 1 1
Hf T:(Hﬁ ) S(Hﬁ‘ )‘g‘ B :ﬁ‘ Biaa (6.2)
vey Piv veﬁi\v iv VeV i,0 i u; veyp Piv iu; Pio; i,0 i,d-1

where {f;, : v € vert(S;)} = {Bij: j =0,...,d —1}. Notice that equality in (6.2) is attained if
and only if §; 4, = Bi v
For eachi =1, 2, let us order the barycentric coordinates such that ;0 > i1 > -+ > Bid-1.

Lemma 6.1 ([3, Lemma 4.2(d)]). With notation as above,

1

— < (54— 1)

Bio- - Bid- (a=1)
with equality if and only if

1 1 1
(Bio, -, Bia-1) = PRy | (6.3)
Applying Lemma 6.1 and (6.2) to (6.1) we obtain
2(sq — 1)

volp(P*) < I

This inequality is strict, since the condition that f; ., = i, from (6.2) and the condition (6.3)
from Lemma 6.1 cannot hold simultaneously.
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6.2. The casest =2,dy =d—1,dy, =d—2,d € {4,5}. The barycentric coordinates of the
canonical Fano simplices up to and including dimension four are classified in [11]. Hence
we can verify that, in this situation, the right hand side of (5.7) is always strictly less than
2(sq — 1)?/d!.

6.3. The cases t = 3, dy = dy = d3 = d—-2,d € {4,5}. Corollary 2.3 implies that r, =
r3 = d — 3. To prove the inequality in these final cases we explicitly construct every minimal
polytope P of dimension four or five that admits a decomposition into three minimal simplices
of dimensions two or three, respectively, such that the vertices of P generate the ambient
lattice N. Under this setting we note that P is uniquely determined by:

(i) the barycentric coordinates of the simplices S1, Sz, S3 in the decomposition; and
(ii) the choice of d —3 vertices in common with S; and S, together with the choice of d -3
vertices in common with Sz and S; U S,.

This follows from the following general construction. The (reduced) weights of a canonical
Fano simplex S of dimension n are the positive integers (kpo, . . ., k) given by the barycentric
coordinates (o, . . ., ) of the origin (with respect to the vertices of S), where k is the smallest
positive integer such that the kf; are all integral. In particular, the weights of a canonical
Fano simplex are coprime. Moreover, since the vertices of a canonical Fano simplex are
primitive lattice points, the weights are well-formed; that is, any n of them are coprime. Let
us use the fact that any minimal polytope P has a decomposition into t minimal simplices.
We proceed invariantly, since we do not know the embedding of these simplices into the
lattice N. Let &(”) = (Ao, ..., An) denote the (reduced, well-formed) weights of a minimal
canonical Fano simplex of dimension n. Fix weights A(dl), .. ,)_\(df). For each pair (i, f)
with 1 <7 < j < t we pick a (possibly empty) subset Vi; c {0,...,d;} x{0,...,d;} such
that Vi; : m1(V;;) — m2(Vij) is a bijection (here 7t; denotes the projection on the k-th factor).
Let ; : Z9+ — @le Z%*1,1 < j < t, be the natural inclusion on the j-th factor. Define:

W= <li(4<di>) 11<i< d>,
V= <Li(en1(v)) - L]'(enz(v)) |v e Vij, 1< i<j< t>.

Applying — ® R ensures torsion-freeness of the quotient (@;Zl Zd"”) /(W +V), therefore we
get the exact sequence

t
o—>(W+V)®R—>(@zdﬁl)@u&ﬂz\r@w—m,
i=1

where N is the lattice obtained as the quotient (@5:1 z4 +1) /K, where K is the direct sum-
mand defined by (@le Zd"“) N((W +V)®R). We now define

t
Q= opr (@ conv{eo,...,edi}) CNo®R
i=1

which by construction is a polytope whose vertices generate its ambient lattice N. In general Q
may not be a minimal polytope, however, if P is a minimal lattice polytope of dimension 4
whose vertices generate its ambient lattice then there exists a choice of integers ¢, dy, ..., ds,
weights A(dl), .. .,A(d’) of minimal Fano simplices Si,...,S; of dimensions dy,...,d;, and
subsets V;; (for 1 < i < j < t) such that the polytope Q constructed above is equal to P. The
fact that we can recover P from the construction of Q is a consequence of Lemma 4.1, while
existence of the parameters ¢, dy, ..., d; and the weights follows from Corollary 2.3.
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(1,1,1,1) (1,1,1,2) (1,1,1,3) (1,1,2,2) (1,1,2,3)
(1,1,2,4 (1,1,3,4) (1,1,3,5 (1,1,4,6) (1,2,3,5)
(1,3,4,5) (2,3,5,7) (3,4,5,7)

Table 1. The weights of the minimal canonical Fano simplices in dimension three.

We now specialise this construction to the case t = 3,d; = dy =d3 =d -2, for d € {4,5}.
The weights of the minimal canonical Fano simplices of dimension two and three have been
classified [10, Figure 1 and Proposition 4.3]. There are two possible weights in dimension
two: (1,1,1) and (1,1,2). In dimension three there are 13 possible weights?, recorded in
Table 1. Since the choices for the common vertices (encoded in the sets Vi;, 1 < i < j < 3)
are finite, all the minimal canonical Fano polytopes P admitting such a decomposition and
whose vertices generate the ambient lattice N can be classified.

We use the computer algebra system Macma [5] to derive the classification. Source code
and output can be downloaded from Zenodo [4]. In the first case (d1 = d, = d3 = 2), there are
exactly four such four-dimensional polytopes, and in each case the inequality of Theorem 1.1
holds. In order to solve the second case (d1 = d> = d3 = 3), we first build all possible four-
dimensional minimal polytopes P’ whose vertices generate the ambient lattice, and admit
a decomposition into two three-dimensional minimal canonical Fano simplices S1 and S».
We then verify that any five-dimensional polytope P decomposing as S1, Sz, and S3 satisfies
inequality (3.5) for each choice of three-dimensional minimal canonical Fano simplex S3; that
is, we verify that

Vol(P*) < 47—!3, Vol(P™) - 2(s3 — 1) < 2(s5 — 1)
holds in each case. There are 147 minimal four-dimensional polytopes with a decomposition
into two three-dimensional minimal canonical Fano simplices and whose vertices generate
the lattice N, and in each case the inequality holds. This completes the proof of Theorem 1.1.

6.4. Bounding the volume of P. Unfortunately the methods used here to prove a sharp
upper bound on the volume of P* do not immediately help provide an upper bound on the
volume of P. Since there is no known decomposition result for maximal canonical Fano
polytopes, we would again have to pass to the dual side and consider minimal “canonical”
subpolytopes of P*. One could still decompose these into “canonical” simplices, however
they would no longer be Iattice simplices, and there are no known applicable bounds on the
corresponding barycentric coordinates of the origin in the rational case.
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