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Motivation

Today’s goal:
Introduce the various tools of numerical algebraic geometry (NAG), in case

they might be helpful to you.
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First example:
What are the solutions of the following polynomial system!?

(y —ax?*)(2? +y* + 22 — 1)(z — 2)
f=| @)@y -1y -2
(z —2?)(y — o) (2* +y* + 2° = 1)(2 — 2)




Motivation

First example:
What are the solutions of the following polynomial system!?

(y—2?)(@® +y? + 22— 1)(z — 2)
f= (z =23 (2® +y* + 2% — 1)(y — 2)
(z—a%)(y —2®)(a* +y* + 22 — 1)(2 — 2)

Some possible answers:
* Six irreducible components: a quadric surface (including a real sphere), a

cubic curve, three lines, and a point.

*The varieties corresponding to six ideals in the prime decomposition of the
ideal generated by these three polynomials.



Motivation

The numerical algebraic geometry answer

*The dimension and degree of each
component, along with numerical
approximations (to any accuracy) of points
on each component.

Two points on the surface (100 digits):
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sololookkkkkkokk Witness Set Decomposition skkokskskskskskskskokkk

| dimension | components | classified | unclassified

| 2 | 1 | 2 | ©
| 1 | 4 | 6 | ©
| © | 1 | 1 | ©
sokcksokckkookkok Decomposition by Degree sekskokiskskokkskskokoksk

Dimension 2: 1

classified component

degree 2: 1

Dimension 1: 4

component

classified components

degree 1: 3
degree 3: 1

Dimension 0: 1

components
component

classified component

degree 1: 1

component
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Game Plan

|. Motivation + example

2. Numerical algebraic geometry tools
A. Homotopy continuation
B. Parameter homotopies

C. Numerical irreducible decomposition (NID)

D. Software options

3. Various applications



Homotopy continuation

flz,y) = [(x:v_ (Sy)(—g 1_) 1)] (target system)



Homotopy continuation

flz,y) = [(x:v_ (Sy)(—g 1_) 1)] (target system)

r3 — 1
(start system) g(z,y) = y2 — 1



Homotopy continuation

flz,y) = [(a: 3y — 1)] (target system)

{ (1 —1) + t(aj: — 1) ] (homotopy)




Homotopy continuation
T S,

Given polynomial system f : C" — C" (the target system) homotopy
continuation is a 3-step process:

|. Choose and solve a polynomial system ¢ : CY¥ — C" (the start
system) based on characteristics of f(z) but relatively easy to solve.

2. Form the homotopy H : CY x C — CV given by

H(zt) = £(2)- (1) + g(2) -1
so that H(z,1) = g(z) and H(z,0) = f(2).

3. Use numerical predictor=-corrector methods to follow the solutions
as t marches from 1 to 0, one solution at a time.




Homotopy continuation




Homotopy continuation




Homotopy continuation




Homotopy continuation

* Skipping many details (predictor/corrector choices, non-square systems,
polyhedral methods, adaptive steplength, adaptive precision, safety checks,
endgames, certification, etc.)

If you want more details:
DB-Hauenstein-Sommese-Wampler, Numerically solving polynomial systems with Bertini. SIAM, 201 3.
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* Bottom line:

Guaranteed (with probability one, modulo numerical issues) to find
approximations to all solutions that are isolated over the complex numbers.




Homotopy continuation

* Skipping many details (predictor/corrector choices, non-square systems,
polyhedral methods, adaptive steplength, adaptive precision, safety checks,
endgames, certification, etc.)

If you want more details:
DB-Hauenstein-Sommese-Wampler, Numerically solving polynomial systems with Bertini. SIAM, 201 3.

* Bottom line:
Guaranteed (with probability one, modulo numerical issues) to find
approximations to all solutions that are isolated over the complex numbers.

* Fun tangent: What if you run homotopy continuation on a system with

positive-dimensional components!?

DB-Eklund-Hauenstein-Peterson, Excess intersections and numerical irreducible decompositions.
23rd International Symposium on Symbolic and Numerical Algorithms for Scientific Computing
(SYNASC), 2021
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Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).




Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).

|dea:

)

e 9 (random complex parameter values)

CRCRCICICI BCIC I (many points in some

parameter spsace)
® 06 06 060 0 0 0 00

qi



Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).

|dea:

l This might require wasted effort
1q  (divergent paths).

qi



Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).

|dea:

o 4

If q" is generic, these should
require few wasted paths.

qi



Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).

|dea:

With many homotopies,
numerical issues are more likely.

qi



Parameter homotopies

Main point: We can be particularly efficient if we need to solve many nearly
identical polynomial systems (same support, different coefficients).

|dea:

qi
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Numerical Irreducible Decomposition

(y —a?)(@® +y* + 2% — 1)(z — 2)
(z—a®)(@? +y*+ 22— 1)(y — 2)
(z—a)(y —a?)(@* +y° + 2 —1)(2 — 2)

Solutions:

Dimension 2: One surface
Dimension |: Three lines and one cubic curve
Dimension 0: One point

We want to find some “witness points” on each of these sets.



Finding positive-dimensional solution sets

D D
Recal: Z =V(f) = U Z; = U U Zi i, where:
i=0 i=0 jEA,
D is the dimension of 7,
1 cycles through possible dimensions of irreducible components,
7 is an index within dimension i, and the
Z; ; are the irreducible components.

(This is the irreducible decomposition of 7.)

For each positive-dimensional irreducible component, Z; ;, we aim to find
numerical approximations to some number of generic points on Z; ;.




Finding positive-dimensional solution sets
===

Key fact: Given irreducible component Z; ; of dimension 7, for almost every
choice of linear space L of codimension i, Z; ; intersects L in a set of a
particular number of points. That number is the degree of Z, ,.

So, to find deg(Z; ;) points on Z; ;, we can append i linears to f. We refer to
this operation as slicing.

To find points on all components, we can just loop through all reasonable
values of 1.



Finding positive-dimensional solution sets
===

Problem 1: We could pick up points on higher-dimensional components.
Problem 2: We could find points on multiple i-dimensional components.

Example: Suppose there are two curves and a surface. When we slice for
the curves, we will find points on both curves and also on the surface.

Solution 1: Start at the top dimension and work your way down. Use a
membership test on points in lower dimensions to see if they sit on the
higher-dimensional components already found.

Solution 2: Carry out an equidimensional decomposition, using
monodromy and the trace test.




Finding positive-dimensional solution sets
===

In fact, there is a clever way to string the homotopies together, called a
cascade of homotopies. (There are more recent approaches, too.)

All told, the goal is to have deg Z; ; withess points on each component
Z; ;, yielding witness point set
Wij=2i; N L.

For each component, put the linear functions, the witness points, and the
original functions together and you have a withess set for the component:

Wi,j — (f7 Lia Wi,j)

Then, the numerical irreducible decomposition is the union of all
such sets for all irreducible components:

D D
w=Uwi-UUw,




Numerical Irreducible Decomposition

CHomot;op)r + Start Solutions)

99 at infinity

2 solutions

38 nonsolutions

4 at infinity

14 solutions

20 nonsolutions

1 at infinity

! 139 paths
e
v
e
1
2
l 38 paths
e
v
e
1
1
l 20 paths
e
v
e
1
0

19 solutions

W.

= Wia

1 on Line 2

1on Line3 fl=Wjg

3 on Cubic = Wia

W
—2% |2t classify
Wl‘ 8 on Sphere
6 to classify
Wo 13 on Sphere

2 on Line 1

2 on Line 2

1 on Line 3

0 on Cubic

1 to classify

Y = Jo

/

Wo
— [ 1Isolated Q= Wpy

From Sommese-Verschelde-Wampler, SIAM J. Num.An. ’01, the original cascade article.
See also Hauenstein-Sommese-VWampler, App. Math and Comp.,’| | for regen cascade.

Cascade of
homotopies for
computing the
numerical irreducible
decomposition of the
illustrative example.

[Omitting many
details!]



Numerical Irreducible Decomposition

Bertini Classic 1/0

(input file)

Dans-MacBook-Pro-2:tmp_19mayl6 bates$ more input
CONFIG

TrackType: 1;
END;
INPUT

variable_group x,y,z;
function f,qg,h;

f = (y=x*2)*(x +y*2+z°2-1)*(x-2) ;
g = (z=x73)*(x*+y"2+272-1)x(y-2);
h = (z=x"3)x(y-x"2)*x(x*+y*2+272-1)*(z-2);

END;




Numerical Irreducible Decomposition

Bertini Classic 1/0

(input file)

Dans-MacBook-Pro-2:tmp_19mayl6 bates$ more input
CONFIG

TrackType: 1;
END;
INPUT

variable_group x,y,z;
function f,qg,h;

f = (y=x*2)x(x*+y"2+2°2-1)*(x-2);

g = (z-x"3)*x(x™+y*2+2°2-1)%(y-2);

h = (z=x"3)x(y-x"2)*x(x*+y*2+272-1)*(z-2);
END;

(screen output)

soklokkkkookk Witness Set Decomposition sekskskokkokskokskskokk

| dimension | components | classified | unclassified

| 2 | 1 |2 | @
| 1 | 4 | 6 | ©
| © | 1 | 1 | ©
sokokkkkokkk Decomposition by Degree sokskskskokokskokokskokk

Dimension 2: 1

classified component

degree 2: 1 component

Dimension 1: 4 classified components
degree 1: 3 components
degree 3: 1 component

Dimension @: 1 classified component

degree 1: 1 component
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B. Parameter homotopies
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D. Software options

3. Various applications



Software

Don’t worry — this has been implemented:
- Bertini: S Amethyst, DB, ] Hauenstein, A Sommese, C Wampler
- HOMA4PS-2/3: TY Li, TR Chen, et al.
- HomotopyContinuation.jl: P Breiding, S Timme
- NAG4M2: A Leykin
- Paramotopy: S Amethyst, DB, M Niemerg
- PHCpack: ] Verschelde
- POLSYS GLP: L Watson, et al

- Others have come and gone, list may not be comprehensive.



Game Plan

|. Motivation + example
2. Numerical algebraic geometry tools
A. Homotopy continuation / basic solving
B. Parameter homotopies
C. Numerical irreducible decomposition (NID)
D. Software options

3. Various applications



Various applications

© Math:
-~ Algebraic geometry (e.g., recovering exactness)
© Dynamical systems

-~ Engineering;
-~ Kinematics (e.g., mechanism design)
© Optimal control
~ Geolocation

© Science:
-~ Systems biology (e.g., chemical reaction networks)
© String theory
~ Computer vision

(Others, too....)



Various applications

© Math:
© Algebraic geometry (e.g., recovering exactness)
~ Dynamical systems

~ Engineering:
~ Kinematics (e.g., mechanism design)
> Optimal control
© Geolocation

~ Science:
~ Systems biology (e.g., chemical reaction networks)
~ String theory
© Computer vision

(Others, too....)



Recovering Exactness

Given the point,

x = 0.7949333985,
y = 0.6066967050,

what polynomials approximately vanish at this point?

N

/ > > >

Here’s one | can compute: x2+ y2- |



Recovering Exactness
T S,

Given some point(s), find some polynomials of fixed degree d
with “small” integer coefficients that approximately vanish at the
point(s).

For example, if we fix degree 2 and can refine our point(s) to
more digits of accuracy, what can we find?

[I] Recovering exact results from inexact numerical data in algebraic
geometry. DB, ] Hauenstein, T McCoy, C Peterson, A Sommese.
Experimental Mathematics 22(1), 201 3.

[2] Numerical irreducible decomposition over a number field. T.McCoy,
C Peterson, A Sommese, J. Algebra & its Applications 17(10),2018.



Recovering Exactness
T S,

Main idea from [I]:

Transform (x,y) into Va(x,y) = [, %, y, X3, xy, yZ].
(or homogeneous version)

Goal: Find € = [a|, 2, a3, a4, a5, as] € Z° so that
€ -Vaxy) = aj+tayxt+azy+tasx2+asxy +agy?~ 0.

Q: How?
A: Lattice basis reduction methods are very good at this, e.g., LLL
and its variants.



Recovering Exactness

x = 0.7949333985
y = 0.6066967050

Degree 1: [539,47,-950] - [I,x,y] =~ O.

Degree 2: [-1,0,0, 1,0, 17 - [I,x,y, %2, xy,y?] ~ O.

Degree 3:
[0,0,-1,0,0,0,0, 1,0, 17 - [I,x,y, X2 xy, y2,x3, x2y, xy2,y3] ~ 0.

Not terribly surprising: -y + x2y + y3=y(x2+ y2- |).

It’s easy to expand [-1,0,0, |, 0, I] up to degree 3 and check that
[0,0,-1,0,0,0,0, I,0, 1] is very much in its span.



Recovering Exactness
T S,

J =<w3xz?

whrz — wdyz? + 3w?zlyz + Tw?x2® + 2way? — 3wry?2? — Twyzt — 2y°2,

— w32z + 3wryz? — 3waydz + Twrzt — Twy?2® + 2xytz — 240,

woyz — whyz? — wt2® + 3wiry?z + Twiyz® + w2t — 3wiay?2? — 3wiryz®

+ 2w?y® — Tw?yz? — Tw?2° + 3wzryz? — 2wy’ 2z — 2wyt2? + Tw2® + 223 >

Used Bertini to find a point on each irreducible component.
Going up to degree 7 with 238 digits of precision yielded:

Component |: zw?® + 3zyzw + 723w + 2y*

Component 2: —<Z + 92

—TW + 2Y Same decomposition as computed via

—Yyw + 2 Grobner bases in the paper where
we found this example:

Component 3: T
Yy Direct methods for primary decomposition.
—w 4+ 2 D. Eisenbud, C. Huneke,W. Vasconcelos.

Inventiones Mathematicae 110, 1992.



Various applications

© Math:
-~ Algebraic geometry (e.g., recovering exactness)
© Dynamical systems

-~ Engineering;
-~ Kinematics (e.g., mechanism design)
> Optimal control
© Geolocation

~ Science:
~ Systems biology (e.g., chemical reaction networks)
~ String theory
© Computer vision

(Others, too....)



Kinematics

Kinematics: The study of mechanical linkages, ignoring forces.

Mars rover Robonaut 2 Submarine  Spent fuel rods
(GM/NASA)

All of these machines involve robotic arms. Other machines don’t:

midwaysajloricom |



Kinematics

A 2R (2 links with a rotational joint) planar linkage:

«——some tool

(welding iron, hand, etc.)
rotational joint ——

®
T

target for tool

fixed —
(with rotational joint)



Kinematics

Here’s some notation:




Kinematics

The Pythagorean theorem gives us equations to find the angles, given the target:

To get the x-coordinate of the tool to px:
Li cos(&X)) + Lo cos(02) =px g%

Ditto for y:
Li sin(cX)) + L2 sin(0X2) = py



Kinematics
I

Now we can just solve the 2x2 system (with Li, Ly, px, py known numbers and
variables &, Xy):

Li cos(X|) + Lz cos(xX2) = px
Li sin(xX1) + L2 sin(X2) = py

Problem: This isn’t a polynomial system!

Trick: Rename the trig functions as variables and include trig identities to make
a 4x4 polynomial system:

Lici+tLica-px =0
LisitLlasa-py=0
ci2+si2-1=0
c22+s2-1=0



Kinematics
I

Lici+Llaca-px =0
Lisi+Lys2-py=0
ci2+s2-1=0
c2+s2-1=0

For example, if both links have length one and we want to reach (1,1), the
system becomes:
x (L)

cot+tc-1=0
sit+s2-1=0
ci2+s2-1=0
c2+s2-1=0

(0,0)
for which the solutions are (cy, si, c2,52) = (0,1,1,0) and (1,0,0,1).



Kinematics
I

Lici+Llaca-px =0
Lisi+Lys2-py=0
ci2+s2-1=0
c2+s2-1=0

For example, if both links have length one and we want to reach (1,1), the

system becomes:
? ® ®

cirt+c-1=0
si+s-1=0
ci2+s2-1=0
c?2+s2-1=0
[] B &3
/

for which the solutions are (cy, si, c2,52) = (0,1,1,0) and (1,0,0,1).



Mt. Everest

9-point path synthesis problem: How many mechanisms of a
particular type (two planar 2R linkages connected to form a triangle) pass
through nine specified points!?

“Alt’s problem” from 1923: Became known as Mt. Everest of Kinematics.
Partial solutions in 1963 (Roth & Freudenstein), 1989 (Tsai & Lu).

First complete solution: 1992 (Wampler), using homotopy continuation.

Latest part of the story:
Brake, Hauenstein, Murray, Myszka, Wampler. J. Mechanisms Robotics, 2016.

See also Sommese-Wampler, Algebraic Kinematics, Acta Numerica 20,201 1.




Various applications

© Math:
-~ Algebraic geometry (e.g., recovering exactness)
© Dynamical systems

-~ Engineering;
-~ Kinematics (e.g., mechanism design)
© Optimal control
© Geolocation

-~ Science:
> Systems biology (e.g., chemical reaction networks)
~ String theory
© Computer vision

(Others, too....)



Chemical reaction networks

50+E Y1—>Y2ﬁ51+E

E E k2
/’_\ /\
So S, S5 > S1+E . Y3—>Y4\_1<;;SQ+E
\_/ \_/
F F 52+F\kéZ4 it ZS = S+ F
k:12 k315
k
S+ F s g, Fisy ) B0 g
]{317 k?20

/

0 = av® + Cuv + BCu® + (aey — aego — a + ¢1¢) uwv® + (1€ — €10 — ¢ + Bh2(?) uv
+ (Beal? — BeaC®o — BE?) u® 4 agov® — (aep + $1€) u?v”® — (1€ + Bdha(?) u’v
— BeaCPut — agoun®

0 = aw? + Cuv + BCu® + (o — agor — @) v* + (61¢ — p1(A — ¢ + ko) uv?
+ (B62C* — B2 A — BC + €1C) uPv + BeaCPu® — (aeg + 1) uwv® — (€1€ + BpaC?) u?v?

— BexCudv — aggu?.

(project with C Nam, B Gyori, S Amethyst, J Gunawardena, started at AIM)



Chemical reaction networks

Basic stats
2 polynomials 1n 2 variables
8 non-dimensionalized parameters
(down from 13, thanks to Thomson-Gunawardena, 2009)
Generic root count: 7
Number of real solutions: 1 (monostable) or 3 (multistable)




Chemical reaction networks

Basic stats
2 polynomials 1n 2 variables
8 non-dimensionalized parameters
(down from 13, thanks to Thomson-Gunawardena, 2009)

Generic root count: 7
Number of real solutions: 1 (monostable) or 3 (multistable)

# Solns




Chemical reaction networks

Basic stats
2 polynomials 1n 2 variables
8 non-dimensionalized parameters
(down from 13, thanks to Thomson-Gunawardena, 2009)
Generic root count: 7
Number of real solutions: 1 (monostable) or 3 (multistable)

~

‘Goal: Study the region of multistability:
- 1solated points?
- measure zero?
- volume?
- change 1n volume as parameters change?
- connected?
L - convex”?




Chemical reaction networks

Goal: Study the region of multistability:
- 1solated points: No! (tracked along a line segment)
- measure zero: No! (checked in nbhd of a point)

- volume: Depends

- change 1n volume as parameters change: Yes (see be

- connected: No
- convex: No

> 100 million
runs of Bertini

> 1 billion in paper

loW)
Number of uniform Number of Vol o
7 random samples multistable samples olume (%)
1 107 0 0
1.5 107 20 0.0002
2 107 2315 0.02315
2.5 6-10° 5330 0.08883
3 4-106 6568 0.1642
4 4-10° 11373 0.2843
5 4-106 14588 0.3647
7 4-106 18451 0.4613
10 4-106 21401 0.5350
20 10° 627 0.627
50 10° 672 0.672
100 10° 683 0.683
200 10°

10°




Final thoughts

Compared to symbolic methods, numerical algebraic geometry scales
better with dimension, worse with degree. For more, see:

DB, W Decker, ] Hauenstein, C Peterson, G Pfister, FO Schreyer, A Sommese, C Wampler.
Comparison of probabilistic algorithms for analyzing the components of an affine algebraic

variety. Applied Math and Computation 231(C), 2014.

Numerical algebraic geometry might be useful for you at some point. |
would be happy to help.



Final thoughts

JOURNAL OF
COMPUTATIONAL

ALGEBRA

http://www.siam.org/journals/siaga.php

SIAM Journal on GRS
Applied Algebra  £57@A

- Open access is free for submissions NLT 3| Dec 23
- Focus is on computation and applications of
algebraic or discrete structures, preferably with novel
mathematics and novel algorithms...papers in
numerical algebraic geometry could fit

- Open to special issues

- More established (first issue in 2017)

- QI journal

- Seeks papers that contribute both mathematically
and within some application(s)



THANK YOU!

Any opinions, findings, and conclusion or recommendations expressed in this material are those of the author
and do not necessarily reflect the view of the US Naval Academy or the US government.



