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Ampl le line bundl 2 aq q
mple versus very amp'e ine bunces Standard definitions and properties

Nonstandard things about (very) ampleness

Ample and very ample line bundles

X projective scheme (or variety) over k = k,
L line bundle on X,
@X -—» P(H°(L)*) the map determined by the global sections of L:

oL(x)(s) := [s(x)], where x € X and s € HO(L).

Definition
e say L is very ample if ¢, : X < P (H°(L)*) (if it is an embedding) and
?7 Op(rory+)(1)-

Definition
We say L is ample if L®™ is very ample for some integer m > 0.
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Ampl le line bundl 2 aq q
mple versus very amp'e ine bunces Standard definitions and properties

Nonstandard things about (very) ampleness

Things you probably know about (very) ampleness

ery ampl‘@ery ample = L® = L® L very ample (diagonal and
gre embeddings)

.£¢L X

P (HO(L)*) x P (HO(L')*) <%
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Ampl le line bundl 2 aq q
mple versus very amp'e ine bunces Standard definitions and properties

Nonstandard things about (very) ampleness

Things you probably know about (very) ampleness

@ L very ample, L’ very ample = L ® L’ very ample (diagonal and
Segre embeddings).

QL ample, L’/ ample = L® ' ample (first item +
definition of ample).

© L very ample, L’ ample — L® L ample (second item +
very ample is ampl

© L very ample, L’ ample = L ® L' very ample 77
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Ampl le line bundl 2 na q
mple versus very amp'e ine bunces Standard definitions and properties

Nonstandard things about (very) ampleness

Curve of genus 3

SENPE

Consider a smooth plane curve C = {x4 +yt+yd = 0} C P? of genus 3,
and let P =10,0,1] € C. Then the hyperplane section y = 0 is the divisor
4P on C, thus the corresponding line bundle O¢(4P) is very ample and
Oc(P) is ample. However, O¢(5P) is not very ampleI It follows from

Riemann-Roch that i)
thus every section of O¢(5P) vanishes at P.)

L] re2 ] @3 | 14| 185 | (®6 | 197 | 18] ...
v g |I/AI/U0” |/V07|J/A|VA [V A,
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Definition and properties

Sufficiently ample line bundles Examples

High powers of ample bundles are very ample

© L very ample, L’ ample, then L ® L’ is ample but not necessarily very
ample.

G@ample, then L®™ is very ample for (so it cannot happen
that, say all even powers are very ample-but ali odd powers are not

very ample). It follows from (a relative version) of Serre's vanishin/g_J

theorem. .
R

Jarostaw Buczynski Fujita vanishing and cactus varieties



Definition and properties

Sufficiently ample line bundles Examples

Sufficiently ample bundles are very ample

The group Pic(X) of line bundles on X can have “more dimensions” than
just powers of a single line bundle.

op E &
Pre(X) ) CONE
ic : '
/(f OX./' ample conle [ | )
2 I

Z

OMANGEE. 4 »
X..~' ample cone

@ 3 line bundle L such that ¥ ample L’ the producis very ample.
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Definition and properties

Sufficiently ample line bundles Examples

Sufficiently ample

Pic(X) : Ox ﬂﬁmple@’cone 7

Definition

Let P be a property of line bundles on X. We say that sufficiently ample
line bundle satisfies P if there exists a line bundle Ly such that for any
ample L the product Lo ® L satisfies P. (Equivalentlw see

figure.)
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Sufficiently ample line bundles Diiiien e prepeii
Examples

Serre and Fujita vanishing

Let F be a coherent sheaf on X.

Theorem (Serre vanishing)

For any ample line bundle L and m >0 and any i > 0 we have

( H(F®L®™) =0

H’(]-"®L)—0

That is, there exists Lo such that for any L that is equal to Ly + ample, th
higher cohomolog/es - of J .7-" ® L\vanlsh I

There are also relative versions of the same theorems.
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Definition and properties
Examples

Sufficiently ample line bundles

Examples of properties of sufficiently ample line bundles

—

Sufficiently ample line bundle is very ample. I

The embedding ¢, (X) C P (H°(L)*) by a sufficiently ample line bundle L
is projectively normal. 5( — AR M AL b ARET
e

Theorem (Sidman-Smith, 2011)

The embedding ¢, (X) C P (H°(L)*) by a suffici ample line bundle L
has ideal generated by 2 x 2 minors of a piatrix with linear entries.
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Definition and properties
Examples

Sufficiently ample line bundles

Matrices with linear entries

Writ@ﬁ (L ® M*)\ We want both M and (L ® M*) to be
Iemtly

suffic ample.

o

Pic(X): Oy
:f,i ample cone

X L
Ldiagonal )
X xX
Lomxorgus
P (HO(M)*) x P (HO(L @ M*)*) <ES(P (HO(M)* & HO(L @ M) )
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Main result
Cactus varieties

Secant varieties

Copves Lo 2]

Conjecture (Eisenbud-Koh-Stillman, Sidman-Smith)

For any fixed r, the r-th secant variety «@o a sufficiently ample

line bundle L has ideal generated by (r + T<A(7 + 1) minors of a matrix
(a—— e ————d

with linear entries.

K=" A RTE]

Definition

X c PV, then the r-th secant variety of X is:

or(X) = R C X finite smooth subscheme of length < r}.
7~

1
é/%/éwﬁc@ S 2 s
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Main result
Cactus varieties

Cactus varieties

Conjecture (Corrected)

For any fixed r, the r-th seeantvariety cactus variety to ¢;(X) for a
sufficiently ample line bundle L has ideal generated by (r + 1) x (r + 1)
minors of a matrix with linear entries.

Definition

X c PV, then the r-th cactus variety of X is:
(KA AeELy
R (X) = U{( | R C X finite subscheme of length < r}.<=
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Main result

Cactus varieties

Cactus varieties to sufficiently ample embeddings

Theorem (Buczynska, B., Farnik)

X projective variety, r > 0 an interger. Then the r-th cacti
o1 (X) is set-theoretically defined by (r 4+ 1) x (r 4+ 1) minors of a matrix
with linear entries for any sufficiently ample line bundle L.

(Work in progress with Hanieh Keneshlou: we hope to have a
scheme-theoretic or maybe even ideal-theoretic analogue.)
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Main result
Cactus varieties

The end

Ww%m/
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