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A MODULI SPACE OF HOLOMORPHIC SUBMERSIONS

SETTINGANDMOTIVATION

YHy proper holomorphic submersion of smoothprojectivevarieties
I

L B ample line bundleit fi iiampieiinebundie
Hy ly Yb ample

These fibrations

generalise holomorphic vector bundles

constitute a way of studying families of projectivemanifolds
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On vector bundles

E B holomorphic vectorbundle Assume E is simple TIE EndE I 6

Taking the projectivisation
X P E B holomorphic submersion Opal 1 PCE relativelyample

OPIE x OPIE
Hitchin Kobayashi correspondence NarashimanSeshadriDonaldson UhlenbeckYau

slopestability as I Hermite Einstein connections

algebra geometric geometricPDE
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On vector bundles

E B holomorphic vectorbundle Assume E is simple TIE EndE I 6

Taking the projectivisation
X P E B holomorphic submersion Opal 1 PCE relativelyample

Hitchin Kobayashi correspondence NarashimanSeshadriDonaldson UhlenbeckYau

slopestability as I Hermite Einstein connections

algebra geometric geometricPDE

n f
modulispace of honor vectorbundles

GOAL o construct a moduli space of smooth fibrations

generalise the Hermite Einstein connections to optimal symplectic
connections on fib rations with K semistable fibres



SETTINGANDMOTIVATION

Example E C holomorphic vector bundle over a curve we Kohler on C

Def slope of E MCE YEE

where deg E deg ME C E we

E is stable if MCE MCF UFC E subbundle

E is semistable if MIE MIF HF CE

Mumford there exists a moduli space of semistable vector bundles with

fixed rank and degree Messer d and the moduli space is constructed

as a Git quotient locallyandglobally



SETTINGANDMOTIVATION

From the geometric PDE side E B h on fibrel of E

h Hermitian structure induces Ag Chernconnection

Def Ag is Hermite Einstein if

Aw Faa the A

Fujiki Schumacher there exists a moduli space of vector bundles that

admit a Hermite Einstein connection
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Back to fibrations Y B

We need a generalisation of Hermite Einstein connections optimal

symplecticconnections They are solutions to a PDE that

are related to the stability of the fibration

Stability condition for the fibres in terms of

K stability



SETTINGANDMOTIVATION

Back to fibrations Y B

We need a generalisation of Hermite Einstein connections optimal

symplecticconnections They are solutions to a PDE that

are related to the stability of the fibration

Stability condition for the fibres in terms of

K stability

Another bit of motivation merge these two pictures

slope stability I's I Hermite Einstein

K stability c
TD

I Kohlermetrics with
conj constant scalar

curvature csc K
Scout w 5



MAIN RESULT

THEOREM There exists a moduli space that parametrises holomorphic

submersions Ty Y Hy B L that

have discrete relativeautomorphism group
AutCity ge Aut YHy it og Ty

admit an optimalsymplectic connection
Such a modulispace is a Hausdorff complex analytic space
and it admits a Weil Petersson type Kohler metric



STABILITY OF THE FIBRES

In termsof analytic k semistability c I esck metrics

Moreprecisely
Assume that YHy B L degenerates to XHx Bil such that tbeB

Xb Hb has a Kohlermetricwith constant scalar curvature

W E C CHxly such that Seal Wb Sb

1 Sb is a topological constant that does not depend on b because

G Hx x is an integer class as cohomologyclass

2 Dewan Sekthan Thereexists we c Hx sit why has constant

scalar curvature W is KIELY KAHLER METRIC



STABILITY OF THE FIBRES

Degeneration means S parameterspace disk I or d

7,7L 70,7101 IX Hx Es Hs YHy
I

v u rel
and

y tsto B13 5 B BECK



STABILITY OF THE FIBRES

Degeneration means S parameterspace disk I or d

H H Ho Ho XHx Es Hs YHy
t andv u V ts o V
BXS B B B B

How to think of these degenerations
Let 4th Bx I trivially on B Then we can realise the degeneration

EAL Bx I using a lift of 4 to 2,71

Philosophically E 7L B xd is a family of test configurations
for the fibres Xb compatible with the fibration structure



STABILITY OF THE FIBRES

7,7L

By

sit

th

and

E Hs ly Hy
I

v u V ts o V
B B B B

Remark

1 the fibres of Y B are analytically K semistable
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Bxsi
dit

Ho X H
t andv u V ts o V

B B B B

Remark

1 the fibres of Y B are analytically K semistable

2 A relativeversion of Ehresmann theorem implies that X and Y are

diffeomorphic Let M underlying smooth manifold

we can view Y as a deformation of the complexstructure of X



STABILITY OF THE FIBRES

E 7L Es Hs YHy

Bxsi
dit

Ho X
t andv u V ts o V

B B B B

Remark

1 the fibres of Y B are analytically K semistable

2 A relativeversion of Ehresmann theorem implies that X and Y are

diffeomorphic Let M underlying smooth manifold

we can view Y as a deformation of the complexstructure of X

3 C Hx c Hy e H M K and c Hx is of type lil

also on Y



STABILITY OF THE FIBRES

7,7L CYHa

Bys

sit

IX Hx
g

g g
t

u v Ts w tso V
B B U B B

thesepolystableRemark

1 the fibres of Y B are analytically K semistable

2 A relativeversion of Ehresmann theorem implies that X and Y are

diffeomorphic Let M underlying smooth manifold

we can view Y as a deformation of the complexstructure of X

3 C Hx c Hy e H M K and c Hx is of type lil

also on Y

we have we c Hx relatively esck And we can assume that

we c Hy is also relatively Kahler but no cook on the fibres
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We fix thesmooth structure M and the relatively symplectic form w

we vary the holomorphic structure
X M W Jo I B Ye Es M W Js B



STABILITY OF THE FIBRES

We fix thesmooth structure M and the relatively symplectic form w

we vary the holomorphic structure
X M W Jo i B Ye Es M W Js I

This can be made precise by
THEOREM The deformations of the holomorphic submersion X B

that preserve the projection onto B can be parametrised by an open
subset Vit of a finite dimensional vector space in 1 I X

H Tx

A C J almostcomplex structures on M compatible
with W and with the projection onto B



STABILITY OF THE FIBRES

THEOREM The deformations of the holomorphic submersion X B

that preserve the projection onto B can be parametrised by an open
subset Vit of a finite dimensional vector space in 1 I X

A C J almostcomplex structures on M compatible
with W and with the projection onto B

equivariant w rt

Ky
bibolomorphisms of X that commute with it

and are fibre wise isometries of the relatively
Kahler form w

Relative Kuzanishitheorem or Luna slice theorem or Hilbertscheme



STABILITY OF THE FIBRES

So we can identify

00 c s

f refps

y gg

d d

can be realised as an orbit in Vit
G Ys s t OE G Ys

CKIT

Key to constructmoduli space having a degeneration to a relatively
csc K fibration is a locally closed property



STABILITY OF THE FIBRES

So we can identify

0 c

f
y gg

d d

can be realised as an orbit in Vit
G Ys s t OE G Ys

KIT

key to constructmoduli space having a degeneration to a relatively
csc K fibration is a locally closed property

Assume that Auto Xb Hxlb are all isomorphic
Lemma There exists Wc Fit locallyclosed subvariety such that

Kure W the corresponding fibration Yw B admits a

degeneration to some X B with esck fibres



STABILITY OF THE FIBRES

Assume that Auto Xb Hlb are all isomorphic
Lemma There exists Wc Fit locallyclosed subvariety such that

Uwe W the corresponding fibration Yw B admits a

degeneration to some X B with esck fibres

Proof UCB open chart Consider

the Kuranishispace of the fibres of X 10 toconstruct X It locally

Vy A Kb biholomorphic isometries of w
x
To x

Kif AutoXboHx b
csc K fibres near Xb are

Szelalyhidi GIT polystable points in Tb

fixed points by the assumption



STABILITY OF THE FIBRES

Assume that Auto Xb Hlb are all isomorphic
Lemma There exists Wc Fit locallyclosed subvariety such that

there W the corresponding fibration Yw B admits a

degeneration to some X B with esck fibres

x
a 44 c Fb and Y

c s 4Yb CFbo

s t KIT J b

fixed



STABILITY OF THE FIBRES

Assume that Auto Xb Hlb are all isomorphic
Lemma There exists Wc Fit locallyclosed subvariety such that

there W the corresponding fibration Yw B admits a

degeneration to some X B with esck fibres

F

Prop Thereexists an analytic

subvariety of Fbo at

F Tbt Fbo fixed polystable point in the

closure of the orbit

is holomorphic



STABILITY OF THE FIBRES

Assume that Auto Xb Hxlb are all isomorphic
Lemma There exists Wc Fit locallyclosed subvariety such that

Kure W the corresponding fibration Yw B admits a

degeneration to some X B with esck fibres

Remark

The proof relies on deepresults

Chen Sun uniqueness ofKpolystable degeneration
Szekelyhidi BronneJ deformationtheory of cschmanifolds

Szekelyhidi a k polystable deformation of a csckmanifold is esck

analogy with Biatynicki Birula stratification



OPTIMAL SYMPLECTIC CONNECTIONS

DEF Let Y B be a holomorphicsubmersion with k semistable fibres

and let X B be a relatively esck degeneration A relatively Kohler

metric w is optimalsymplectic connection if

PECEvertAwFat Aw Pa X V 0

A 0

Fy e symplectic curvature of w

p idologwm me rel dim X B ie p curvature of Hermitian

metric inducedby w on MTIX Kx B
curvature quantity ofdeformation family D Is Scat w JsVert

Introduced by DewanSektnan when the fibres are esck
Here extension to k semistable fibres



OPTIMAL SYMPLECTIC CONNECTIONS

PECQuestAw Aw Pa X V 0

LHS is smooth function Pe projectiononto MIE B EYE

Eb I holomorphypotentials onXb holomorphic vectorfieldson X
that vanish somewhere fe Cox J V of o

Ourassumption for before that Auto Xb T Xb are all isomorphic

implies that their lie algebras to b have all the same dimension

and Golb e Eb
E B is a vector bundle Hallam

Why extend optimalsymplectic connections to k semistable fibres

Because it is an opencondition while cook it is not 1



OPTIMAL SYMPLECTIC CONNECTIONS

PECAvertAwFat Aw Pa X V 0

Rmk the equation is interesting when the fibres have more automorphisms

of the total space Eg it is trivial when the fibres are RiemannSurfaces



OPTIMAL SYMPLECTIC CONNECTIONS

PECEvertAw Ft Aw Pa X V 0

Rmk the equation is interesting when the fibres have more automorphisms

of the total space Eg it is trivial when the fibres are RiemannSurfaces

E g projectivebundles

Opg Eg
h Hermitian metric on

ACE B
m h Hermitian metric on Opie it

Its curvature w ith such that w
peg Weslb

W is optimalsymplecticconnection Agis HermiteEinstein
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PECEvertAwFat Aw Pa X V 0

Rmk the equation is interesting when the fibres have more automorphisms

of the total space Eg it is trivial when the fibres are RiemannSurfaces

Assume AutCity feAut YHy ti of it discrete



OPTIMAL SYMPLECTIC CONNECTIONS

PECEvertAwFat Aw Pa X V 0

Rmk the equation is interesting when the fibres have more automorphisms

of the total space Eg it is trivial when the fibres are RiemannSurfaces

Assume AutCity feAut YHy ti of it discrete

Going back to the Kucanishispace VI

OENT R E LetWo Os toys e Toti Then we can write the

Yse Vite Es I
enation on Yas w o Wo o



OPTIMAL SYMPLECTIC CONNECTIONS

W O Vo 0

Assume Y B has an optimal symplectic connection i.e W OWo o

W CUT locally closed subset of the first lemma fare W

Yw B admits a degeneration to X B rel esck
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W CUT locally closed subset of the first lemma fare W

Yw B admits a degeneration to X B rel esck

Lemma Let Rutcity be discrete Let we W Yw B

Then we can find a pair X V E TW sit

X s X B esck fibres

V OsIs Us E Tx Vit

Then I WEC Hy sit W X V o



OPTIMAL SYMPLECTIC CONNECTIONS

W O Vo 0

Assume Y B has an optimal symplectic connection i.e W OWo o

W CUT locally closed subset of the first lemma fare W

Yw B admits a degeneration to X B rel esck

Lemma Let Mutcity be discrete Let we W Yw B

Then we can find a pair X V E TW sit

X X B

V OsIs Us E Tx Vit

Then I WEC Hy sit W X V o

Pf implicit function theorem

Rmk the Lemma gives openness of solutions within a locally dosed subvariety



MODULI SPACE

Let Y B admit an optimal symplectic connection

The two Lemmas give a locallyclosed complex space W where the

equation still admit solutions

Local charts of moduli space Maggy where Autity is finite



MODULI SPACE

Let Y B admit an optimal symplectic connection

The two Lemmas give a locallyclosed complex space W where the

equation still admit solutions

Local charts of moduli space Maggy where AutCity is finite

Hausdorff
Kstability i i Icsck

Has a Weil Petersson type leggier men

M stability THE

Remark

I optimal symplectic connections p g
fibration stability DevanLektnan

Hallam

f stability Hattori

Hashizume Hattori modulispace of Calabi You fibrations over a curve
where also thebase changes



Thank you


